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Summary
In contrast to four dimensions, in five dimensions black hole solutions can
have event horizons with nonspherical topology and violate the uniqueness theo-
rems. The supersymmetric solutions of single black hole (also called BMPV black
hole because it was first discovered by Breckenridge, Myers, Peet and Vafa) and
single black ring (with horizon topology S1×S2) have been discovered in minimal
D = 5 supergravity. The first part of the thesis is devoted to the recent devel-
opments in five-dimensional supersymmetric black holes: first I briefly describe
minimal N = 1, D = 5 supergravity theory, next I review the well-known super-
symmetric black hole solutions in five dimensions and study the physical properties
of the BMPV black hole and the supersymmetric black ring. However, the BPS
(Bogomol’nyi-Prasad-Sommerfield) equations solved by the black ring appear to
be nonlinear, hence this obscures the construction of multiple ring solutions via
simple superpositions.
In order to construct solutions describing multiple supersymmetric black rings
or superpositions of supersymmetric black rings with BMPV black holes, in the
second part I review an alternative approach — the harmonic function method. I
first introduce four harmonic functions to characterize the single supersymmetric
black ring solution. Via simple superpositions of harmonic functions for each ring,
supersymmetric multiple concentric black rings are then constructed, in which the
rings have a common center, and can lie either in the same plane or in orthogonal
vii
viii SUMMARY
planes. In addition, this solution-generating method can also be applied to super-
symmetric solutions with a black hole by taking the limit R → 0. As a result, I
construct the most general supersymmetric solution — black multiple bi-rings Sat-
urn, which consists of multiple concentric black rings sitting in orthogonal planes
with a BMPV black hole at the center. In the thesis I focus particularly on the
bi-rings Saturn solution.
In the last part, I present the phase diagram of the established supersym-
metric bi-ring Saturn in five dimensions and show that its structure is similar to
those for extremal vacuum ones: a semi-infinite open strip, whose upper bound on
the entropy is equal to the entropy of a static BMPV black hole of the same total
mass for any value of the angular momentum. Following this, I provide a detailed
analysis of the configurations that approach its three boundaries. Remarkably, I
argue that for any j ≥ 0 the phase with highest entropy is a black bi-ring Saturn
configuration with a central, close to static, S3 BMPV black hole (accounting for
the high entropy) surrounded by a pair of very large and thin orthogonal black
rings (carrying the angular momentum). Moreover, I also study the outstanding
feature of non-uniqueness arising from this exotic configuration. Possible general-
izations to more supersymmetric black hole solutions including black Saturn with
an off-center hole, non-orthogonal ring configurations and rings on Eguchi-Hanson
space are discussed at the end of the thesis.
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The attempt at generalizing the well established theory of standard (four-
dimensional) Einstein gravity, that is, classical general relativity, to higher dimen-
sions has been the subject of increasing attention in recent years. Even though
it has not found any direct observational and experimental support so far, the
development of higher dimensional gravity has been strongly influenced in recent
decades by string theory.
1.1 Black holes in higher dimensional space-time
According to the general theory of relativity, a black hole is a region of space
from which nothing, not even light, can escape. It is the result of the deformation
of space-time caused by a very compact mass. Each black hole has no material
surface; all of its matter has collapsed into a singularity that is surrounded by
a spherical boundary called its event horizon. The event horizon is a one-way
surface: particles and light rays can enter the black hole from outside but nothing
can escape from within the horizon of the hole into the external universe. So the
· 1 ·
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importance of black holes for gravitational physics is clear: their existence is a
test of our understanding of strong gravitational fields, beyond the point of small
corrections to Newtonian physics, and a test of our understanding of astrophysics,
particularly of stellar evolution [1]. In addition, black holes have offered a potential
insight into non-perturbative effects in the territory of quantum gravity since black
hole radiation involves a mixture of gravity and quantum physics [2, 3]. Therefore
higher dimensional black holes will play a crucial role in our finding of the missing
link in a complete picture of the fundamental forces to the ‘theory of everything’,
which unifies gravity with the other forces in nature.
1.1.1 Why we are interested in higher dimensional black
holes
Among the reasons why it would be interesting to study the extension of Ein-
stein’s theory, and in particular its black-hole solutions, in the aspect of application
we may mention
• String theory, which attempts to reconcile quantum mechanics and general
relativity, requires the existence of several extra, unobservable, dimensions to
the universe, in addition to the usual three spatial dimensions and the fourth
dimension of time. In fact, higher-dimensional black holes can be described
as a solution of low-energy effective field theory [4–8].
• The AdS/CFT correspondence is the conjectured equivalence between a string
theory defined on one space, and a quantum field theory without gravity de-
fined on the conformal boundary of this space. It relates the dynamics of
a D-dimensional black hole with those of a quantum field theory in D − 1
dimensions [9, 10].
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• This theoretical work has led to the possibility of proving the existence of
extra dimensions. If higher-dimensional black holes could be produced in
a particle accelerator such as the Large Hadron Collider (LHC), this would
provide a conceivable evidence that large extra dimensions exist [11,12].
On the other hand, higher-dimensional gravity is also of intrinsic interest.
We believe that the space-time dimensionality D should be endowed as a tunable
parameter in general relativity, particularly in its most basic solution: black holes.
Four-dimensional black holes are known to have a number of remarkable features,
such as uniqueness, spherical topology, dynamical stability, and the satisfaction of
a set of simple laws — the laws of black hole mechanics [13]. No-hair theorems
postulate that a stationary, asymptotically flat, vacuum black hole is completely
characterized by its mass and spin [14–16], and event horizons of nonspherical
topology have been proved to be forbidden by the Gauss-Bonnet theorem [17].
One would like to know which of these are peculiar to four-dimensions, and which
hold more generally.
1.1.2 New features of D = 5 black holes
The natural change is that there is the possibility of rotation in several in-
dependent rotation planes when space-time has more than four dimensions. The
first higher-dimensional generalization of the static, asymptotically flat, vacuum
solution — Schwarzschild black hole was discovered in 1963 [18]. It was not until
1986 that the higher-dimensional extension of the Kerr black hole, rotating either









tation planes, was found by Myers and Perry. They also showed that stationary
asymptotically flat black hole solutions of the Einstein-Maxwell equations exist for
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all D ≥ 4 space-time dimensions [19]. All these black holes with spherical horizon
topology are characterized by their mass and N independent angular momenta.
Recent discoveries have shown that five dimensional black holes exhibit quali-
tatively new properties not shared by their four-dimensional siblings. A remarkable
feature of asymptotically flat black holes in five space-time dimensions, in contrast
to four dimensions where the event horizon in a stationary black hole must have
topology S2, is that they can have event horizons with nonspherical topology. The
first explicit example of such a black hole was the discovery of the ‘black-ring’ so-
lution of the vacuum Einstein equations by Emparan and Reall in 2002 [20], whose
event horizon has topology S1 × S2. The black ring is required to be rotating to
balance the self-gravitational attraction. More strikingly, there is a small range of
spin within which it is possible to find a black hole and two black rings with the
same mass and angular momentum. Hence, the existence of this solution implies
that the uniqueness theorems valid in four dimensions cannot simply extend to
five-dimensional solutions except for the static case. It is also suggested that as
a five-dimensional black hole is spun up, a phase transition occurs from the black
hole to a black ring, which can have an arbitrarily large angular momentum for a
given mass. In addition to the S1 rotating black ring discovered in [20], a black
ring with rotation in the azimuthal direction of the S2 was found in [21], and the
doubly-spinning black ring solution, which is allowed to rotate freely in both the
S2 and S1 directions was successfully constructed by a smart implementation of
the inverse scattering method (ISM) by Pomeransky and Sen’kov in 2006 [22].
In 3+1 dimensions, configurations of multiple black holes can only be kept in
equilibrium by adding enough electric charge to each black hole, for example, the
well-known multi-Reissner-Nordstro¨m black hole [23, 24]. Multi-Kerr black hole
space-times [25] cannot be in equilibrium because the spin-spin interaction [26] is
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not sufficiently strong to balance the gravitational attraction of black holes with
regular horizons [27–29]. However, for 4+1-dimensional stationary vacuum solu-
tions, angular momentum does provide sufficient force to keep two black objects
apart. Using the ISM, recently we can construct more exact asymptotically flat
balanced solutions containing a number of black objects such as black Saturn [30]:
a black ring surrounding a concentric spherical black hole, black di-ring [31, 32]
where the two concentric rings lie in the same plane and bicycling black bi-rings,
or simply called black bi-rings most recently [33, 34], which is a balanced config-
uration of two singly spinning concentric black rings placed in orthogonal planes.
Obviously, the most general system is constructed from two doubly spinning black
rings in orthogonal planes and even more exotic generalizations, which include
multi-bicycles (tandems) and bi-ring Saturn.
1.1.3 Phases of D = 5 vacuum black holes
A scatter-plot sampling of the parameter space of the exact solutions in
[30] shows regions of the phase diagram where black Saturns are the entropically
dominating solutions, which has been proved to be true in [35] throughout the entire
phase diagram: for any value of the total mass M > 0 and angular momentum
J > 0, the phase with highest entropy is a black Saturn. The total entropy of
this black Saturn configuration approaches asymptotically, in the limit of infinitely
thin ring, to the entropy of a static black hole with the same total mass. [35] also
argues that in fact for any given value of the total angular momentum J , there
exist black Saturns spanning the entire range of areas
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Figure 1.1: Phases of five dimensional vacuum black holes: dimensionless area aH vs.
angular momentum j for fixed total mass M = 1. The solid curves correspond to a
single Myers-Perry black hole and black ring. The semi-infinite shaded strip, spanning
0 ≤ j <∞, 0 < aH < 2
√
2 is covered by black Saturns.
Here Amax is the horizon area of the static Myers-Perry black hole. So the full
phase of vacuum black holes illustrated by the gray strip in the region of the plane
(j, aH) in Figure 1.1 is anticipated to be a semi-infinite open strip
0 < aH < 2
√
2
0 ≤ j <∞
(1.2)
plus an additional point (j, aH) = (0, 2
√
2) for the static Myers-Perry black hole.
As stated in [35], each point in the gray strip actually corresponds to a one-
parameter family of black Saturn solutions. The top end aH = 2
√
2 with j 6= 0 is
reached only asymptotically for black Saturns with infinitely long rings. Solutions
at the bottom aH = 0 are naked singularities. For a fixed value of j we can move
from the top of the strip to the bottom by varying the spin of the central Myers-
Perry black hole jhole from 0 to 1. For a fixed area we can move horizontally by
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having jhole < 0 and varying the spin of the ring between | jhole | and ∞.
The other remarkable gravitational phenomenon of the five-dimensional vac-
uum black hole phase space is continuous non-uniqueness. The balanced black Sat-
urn solution with a single black ring exhibits two-fold continuous non-uniqueness
for fixed mass and angular momentum [30]. Adding n more rings into this simple
balanced configuration results in 2n-fold continuous non-uniqueness since the total
mass and angular momentum can be distributed continuously between the central
black hole and the n surrounding black rings in such a space-time. Including the
second angular momentum gives doubly spinning multi-rings black saturns with
3n-fold continuous non-uniqueness, also for the J1 = J2 = 0 configurations [30].
Moreover, a ring can have an effect as small as desired on the total black Saturn.
So for generic values of M , J and AH ∈ (0, AmaxH ) there are black Saturns with an
arbitrarily large number of rings. The phase space of the five-dimensional black
holes therefore shows a striking infinite intricacy. In chapter 5, I will provide a
detailed analysis of a more complicated configuration — the extremal bi-ring Sat-
urn and then discuss the phase of the non-supersymmetric zero-temperature black
holes since the extremal ones are similar to the cases of the supersymmetric black
hole and black ring [33].
1.2 Black holes of D = 5 supergravity
Black holes of D = 5 supergravity, which is non-singular on and outside the
event horizon are just solutions of five-dimensional supergravity theory [36], which
has been shown to be equivalent to dimensional reductions of 10-dimensional and
11-dimensional supergravity, the low-energy limit of superstring theories and M
theory respectively due to string dualities [37].
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1.2.1 Nonextremal solution of D = 5 supergravity
The charges and dipoles of black rings actually provide the basis to interpret
them as objects in string/M theory. Black holes can only carry electric charge
with respect to a two-form. The construction of stationary, charged, topologically-
spherical, black-hole solutions (‘charged Myers-Perry’) in maximal supergravity
theories was described in [38]. However, black rings can not only carry conserved
electric charges coupled to a two-form field or to a dual magnetic one-form but
also support the nonconserved dipole charges that are independent of all conserved
charges, in fact they can be present even in the absence of any gauge charge. The
first regular example of a charged rotating black ring was obtained in [39], which
carries a U(1) electric charge and local fundamental string charge (see also [40]).
And the solutions describing the rotating black rings with these dipoles, called
‘dipole rings’ were first found in [41]. Most recently, the charged doubly spinning
black ring was constructed by adding fundamental and momentum charges to a
neutral five-dimensional solution of Einstein’s vacuum equations [42].
1.2.2 Supersymmetric solutions of minimal D = 5 super-
gravity
Supersymmetric solutions of supergravity theories, saturating a Bogomolnyi-
Prasad-Sommerfield (BPS) inequality [43], are of particular importance in string
theory because such solutions often have certain stability and non-renormalization
properties that are not possessed by non-supersymmetric solutions [44]. For exam-
ple, it has been possible to give a microscopic description of Bekenstein-Hawking
entropy of the supersymmetric black holes studied in [45]. This is also the sim-
plest example, as it carries the minimum number of net charges (D1-brane and
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D5-brane charges and linear momentum) necessary to have a finite area regular
horizon. Then the successful extension to rotating black holes with a single in-
dependent rotation parameter was taken by Breckenridge, Myers, Peet, and Vafa
(BMPV) in 1997 [46] (see also [47]). This solution has the same three charges and
equal angular momenta in two orthogonal planes, for which the mass is fixed by
the BPS relation. Alternatively, the electrically charged BMPV black hole [46] can
be obtained as a solution of N = 1,D = 5 minimal supergravity [36].
The first example of a supersymmetric black ring solution was obtained for
minimal D = 5 supergravity in [48] using a canonical form for supersymmetric
solutions of this theory [44]. This was then generalized to a supersymmetric black
ring solution of the U(1)3 supergravity in [49]. The latter solution has 7 indepen-
dent parameters, which can be taken to be the 3 charges, 3 dipoles and J1. The
mass is fixed by the BPS relation and J2 is determined by the charges and dipoles.
Remarkably, the only known asymptotically flat supersymmetric (BPS) black
hole solutions, which can be naturally viewed as the solutions of minimal super-
gravity theory, exist only for D = 4 and D = 5 [36]. For D = 5, one can ob-
tain supersymmetric black-hole solutions as an extremal limit of the nonextremal
charged rotating solutions. But we note that a supersymmetric (BPS) black hole
is necessarily extremal, but the converse is not true because the BPS limit and the
extremal limit are distinct for rotating black holes [50].
1.2.3 Why minimal D = 5 supergravity
One motivation for studying D = 5 supergravity is that it is equivalent to
11-dimensional supergravity, which may generate considerable excitement as the
first potential candidate for the theory of everything.
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Firstly, in order to saturate the BPS inequality M ≥| Q |, angular momen-
tum must vanish for supersymmetric D = 4 black holes. But in five dimensions
there exist rotating supersymmetric black holes, which have non-singular and non-
rotating horizons. The effect of rotation on the horizon is not to make it rotate but
to deform it from a round 3-sphere to a squashed 3-sphere [36]. Thus the phase
of supersymmetric black holes in D = 5 will be significantly richer than those in
D = 4.
Secondly, although we have constructed the static solution in D > 4 analo-
gous with multi-Reissner-Nordstro¨m black hole [24] in D = 4 and a more com-
plicated solution describing a Myers-Perry black hole with a concentric dipole
ring [51], the exact solutions for non-supersymmetric black holes tend to be harder
to construct than their supersymmetric cousins, particularly true for multi-centered
solutions because for which we have to solve the full second-order Einstein’s equa-
tions [30]. The first-order nature of the supersymmetry conditions [44] makes it
easy to write down stationary superpositions corresponding to multiple BMPV
black holes [36] and multiple concentric black rings [52, 53]. I will review the su-
persymmetric solutions and make further analysis in detail in chapter 3.
1.3 Objective and organization
Among the many different supergravity theories in various numbers of space-
time dimensions D and number (N) of supersymmetry charges, minimal super-
gravity (mSUGRA), i.e. N = 1, D = 5 supergravity, is the easiest for us to study
since it contains the least N , which in the sense that it is the smallest possible
supersymmetric extension of Einstein’s theory of general relativity. Therefore, in
the thesis we only consider the black hole solutions of minimal N = 1, D = 5
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supergravity. The purpose of this thesis is, using the harmonic function method,
to construct explicit solutions for the supersymmetric bi-ring Saturn configuration
consisting of two orthogonal black rings with a BMPV black hole at the common
center and find the full phase diagram of supersymmetric black objects in five
dimensions.
The organization of this thesis is as follows. It begins with some basic con-
cepts and definitions of higher-dimensional general relativity and some technical
tricks in chapter 2 that are important for later use. Then chapter 3 is devoted to
the recent progress in five-dimensional supersymmetric black holes: first I briefly
describe minimal D = 4 and D = 5 supergravity, next I review all known super-
symmetric black hole solutions in five dimensions, in particular the supersymmetric
black ring. In chapter 4, I introduce an alternative approach to recover all the su-
persymmetric solutions; in this case all the solutions are expressed in terms of the
harmonic functions. Using this method I can via simple superpositions construct
more supersymmetric configurations including the multiple concentric black rings
and bi-ring Saturn listed at the end of this chapter. In chapter 5, I discuss the
singularities and causality problems of supersymmetric black hole solutions. Fol-
lowing this, I present the phases of supersymmetric bi-ring Saturn of three types:
(i) symmetric bi-ring Saturn, (ii) nonsymmetric bi-ring Saturn and (iii) general
bi-ring Saturn, ending with a detailed analysis of their phase structures. Finally,
chapter 6 concludes my finding of minimal supersymmetric bi-ring Saturn solutions
consisting of a central BMPV black hole surrounded by two concentric black rings,
or even multiple black rings sitting in orthogonal planes with a discussion of the
full phases of supersymmetric black holes in five dimensions. Possible directions for
future studies to find more supersymmetric solutions of new families are also men-
tioned. Four useful appendices are contained at the end of the thesis. Appendix A
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distinguishes all coordinate systems applied in the thesis, appendix B contains the
derivation of angular momenta in orthogonal ring planes and appendix C studies
the condition for the absence of Dirac-Misner strings in the supersymmetric bi-
ring Saturn. In appendix D source codes for plotting the phase diagram of various
configurations are provided for reference.
2
Elements of General Relativity in Higher
Dimensions
For most readers this material is in the nature of a review, no significant
elaboration is made in this chapter. Instead, I present the essential concepts for
general relativity in higher dimensions, beginning with the definition of conserved
charges in vacuum, namely Arnowitt-Deser-Misner (ADM) mass and angular mo-
mentum, which are developed and applied in the subsequent chapters, and the
introduction of a set of dimensionless variables that are convenient for describing
the phase space and phase diagrams of higher dimensional rotating black holes.
2.1 Conserved charges
The straightforward generalization of the Hilbert action for the Einstein equa-






R + Lmatter) (2.1)
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where GD is the D dimensional Newton’s constant and has dimensions of [L]
N−1
to guarantee the dimensionlessness of the action. And Lmatter is the Lagrangian
density for other matter fields.
Extremizing the action (2.1) yields the Einstein equation in the conventional
form
Gµν ≡ Rµν − 1
2
gµνR = 8piGDTµν (2.2)
where Tµν = 2(δLmatter/δgµν).
The mass, angular momenta, and other conserved charges of a black hole
or any isolated system are defined through comparison to the field created near
asymptotic infinity by a weakly gravitating system. This will be the D dimensional
generalization of the ADM mass and angular momentum.
In the linear (weakly gravitating field) approximation
gµν = ηµν + hµν (2.3)
where | hµν | 1 for everywhere and under the transverse gauge condition
∇µh¯µν = 0 (2.4)
where ∇µ represents the flat space derivative operator. The full nonlinear Einstein
(2.2) can now be written as
h¯µν = −16piGDTµν (2.5)
where the field h¯µν ≡ hµν − 12hρρηµν and  ≡ ∂µ∂µ = −∂2t +∇2 represents the flat
space d’Alembertian operator.
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In classical field theory, the mass of the system can be defined as
∫
ddxT00 = M (2.6)




Integrating equation (2.6) and substituting (2.7), assuming stationarity (hµν is
independent of x0), yields
∫
ddx∇2h¯00 = −16piGDM (2.8)
Rewriting ∇2 = ∇ · ∇ and applying the Stokes’ theorem on the left-hand side
∇h¯00Ωd−1rd−1 = −16piGDM (2.9)












































As the same properties, such as the horizon area AH , have different dimen-
sions in different higher dimensional black-hole solutions, introducing a common
scale to compare dimensional magnitudes is meaningful. So the key point here is
how to factor out this scale to make the comparison between dimensionless mag-
nitudes. One possible physical parameter for the candidate of the common scale
is mass M since classical general relativity in vacuum is scale invariant. Thus di-
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In the thesis, I will seek for the function aH (ja) for each supersymmetric




Review of Supersymmetric Solutions in
Five Dimensions
In this chapter I first briefly describe two representative supergravity theories
in four and five dimensions, next I review all known supersymmetric black hole
solutions in five dimensions including BMPV black hole and supersymmetric black
ring solutions, where we would determine various properties of the ADM mass, of
the angular momentum and of the horizon structure. In addition, I will use an
alternative approach to recover these black hole solutions of minimal supergravity.
3.1 What is a supersymmetric black hole
Supersymmetric black holes, which we are interested principally in the thesis,
are naturally viewed as BPS-saturated solutions of D-dimensional supergravity
theories, which are the dimensional reduction of D = 10, 11 supergravity, the low-
energy effective theory for superstring and M-theory, respectively.
· 19 ·
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3.1.1 N = 2, D = 4 supergravity
The D = 4 case is already well-understood. The bosonic sector of N = 2,
D = 4 supergravity is Einstein-Maxwell theory, in which all the supersymmetric
solutions (admitting super-covariantly constant spinors) were presented in [55] and
some simple generalizations to SU(4) supergravity with axion and dilaton as well
[56]. For any asymptotically flat solution of Einstein-Maxwell theory that is non-
singular on and outside the event horizon, the mass M is bounded below by the
charges [43]. In geometrized units of charge the bound is
M ≥ G−1/24 (Q2e +Q2m)1/2 (3.1)
where G4 is the Newton’s constant in four dimensions, Qe and Qm are electric and
magnetic charges, respectively.
Within the effective heterotic superstring theory (10-dimensional supergrav-
ity) on a six-torus, static, spherically symmetric, dyonic1 BPS saturated solutions
were derived in 1996 [57–59]. This is the first supersymmetric static black hole
solution in four dimensions as an exact superstring solution. In [57], it was also
shown that such dyonic configurations have the space-time of an extremal Reissner-











dr2 + r2dΩ22 (3.2)
in the extremal limit
M
√
G4 =| Q | (3.3)
1In physics, a dyon is a hypothetical particle in 4-dimensional theories with both electric
and magnetic charges. A dyon with a zero electric charge is usually referred to as a magnetic
monopole. The dyonic black hole could carry either electric (Q) or magnetic (P ) charges (or
both) corresponding to the two vector fields.
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which is equivalent to the saturation of a BPS bound (3.1)2 in the absence of
magnetic charge. Its inner and outer horizon coincide r+ = r− = G4M and it has
a naked singularity r = 0 for the extremal Reissner-Nordstro¨m black hole. The
calculation of the Bekenstein-Hawking entropy for the D = 4 extremal Reissner-
Nordstro¨m black hole was subsequently performed in type II string theory [61,62].
Recently, a supersymmetric D = 4 rotating black hole was obtained by Kaluza-
Klein reduction of five-dimensional supersymmetric black rings wrapped on the
fiber of a Taub-NUT space [63].
3.1.2 Minimal N = 1, D = 5 supergravity
Minimal five-dimensional supergravity, a theory with eight supercharges, was
constructed in [64]. The action3 of its bosonic sector including Einstein-Maxwell







R ? 1− 1
2




F ∧ F ∧ A
)
(3.4)
where the 2-form Maxwell field strength F = dA. Specifically, the Lagrangian is
L5 = 1
16piG5







where F 2 ≡ FαβFαβ. Then the equations of motion include the Einstein field
equation (µ, ν = 0, 1, 2, 3, 4)








dφ(?F )θφ. For the Reissner-
Nordstro¨m black hole, the dual to the electric field (?F )θφ =
√−gF rt = Q sin θ, thus Q = Q. It
means that the parameter Q in the metric is the electric charge.
3Here the metric has mostly positive signature (−,+,+,+,+).
· 22 · Ch 3. REVIEW OF SUPERSYMMETRIC SOLUTIONS IN FIVE DIMENSIONS
Gµν = 8piTµν (3.6)














and Maxwell’s equation modified by the CS contribution
d ? F +
2√
3
F ∧ F = 0 (3.8)
All purely bosonic supersymmetric solutions to the equations of motion should
admit a super-covariantly constant (Dirac)4 spinor  [66]. From the symplectic Ma-
jorana spinors a (a = 1, 2)5 one can construct a real scalar field f , a real vector
(1-form) field V and three real 2-form fields X(i):
fab = i¯ab (3.9)
Vα
ab = ¯aγα















These quantities give a total of 1 + 5 + 3 × 10 = 36 real degrees of freedom. By
virtue of Fierz identities, various algebraic identities between these quantities can
4Converting from symplectic Majorana spinors to Dirac spinors needs some additional numer-
ical factors, which is not necessary to be calculated here.
5Symplectic Majorana spinors are defined as a = ab
b where ab is antisymmetric with
12 = 1. It is also convenient to introduce 
ab such that 12 = 1.
The symplectic Majorana condition is ¯a ≡ a†γ0 = aTC, where the charge conjugation
matrix C is real and antisymmetric and satisfies CγTαC
−1 = γα.
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be obtained, for example
−V 2 = −VαV α = f 2 (3.12)
iVX
(i) = 0 (3.13)
iV ? X




2ηαβ + VαVβ) + εijkfX
(k)
αβ (3.15)
where ε123 = +1 and, for a p-form A and a vector Y , iYA denotes the (p− 1)-form
obtained by contracting Y with the first index of A:
(iYA)α1...αp−1 ≡ Y βAβα1...αp−1 (3.16)
Equation (3.12) implies that the vector field V is timelike, null or zero. But the
latter possibility can be eliminated since it occurs if and only if the Killing spinor
 vanishes due to 2V0 = 
a†a [44,67]. Since  is a super-covariantly constant spinor
(Killing spinor),
∇µ = 0 (3.17)
the above quantities must also satisfy certain differential conditions [44] when we
differentiate f , V and X(i),
df = − 2√
3
iV F (3.18)















(i))ρβγ − 2F ρ[β(?X(i))γ]αρ + ηα[βF ρσ(?X(i))γ]ρσ
]
(3.20)
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Equation (3.19) implies D(αVβ) = 0 and hence V is a Killing vector field [66] that
preserves the field strength (i.e. LV F = 06 where LV denotes the Lie derivative).
It further implies that V generates a symmetry of the full solution. In addition,
equation (3.19) can be written as




? (F ∧ V ) (3.21)
and equation (3.20) implies
dX(i) = 0 (3.22)




Since the supersymmetric solution admits a globally defined timelike Killing
vector field V , f does not vanish everywhere or there is some point p at which
f 6= 0. By continuity, there is some topologically trivial neighborhood U of p in
which f 6= 0. Therefore V is a timelike Killing vector field in U . It will be assumed
that f > 0 without loss of generality. Then coordinates can be introduced so that
the metric in U can be written [44]7
ds2 = −f 2(dt+ ω)2 + f−1ds24 (3.24)
where V = ∂/∂t and ds24 = hmndx
mdxn is the metric on a four dimensional Rie-
mannian hyper-Ka¨hler8 base space B orthogonal to the orbits of V . The 1-form
6This can be obtained from taking the exterior derivative of equation (3.18) and using the
Bianchi identity for F .
7For the stationary solution, all metric components including scalar f , one-form ω and metric
hmn must be independent of t.
8Supersymmetry requires that the base space be hyper-Ka¨hler, with X(i) the three complex
structures and a volume form η4 chosen such that these are anti-self-dual. This volume form is
related to the volume form η on the five dimensional space-time by η4 = fiV η.
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ω = ωmdx
m is defined by
iV ω = 0, dω = d(f
−2V ) (3.25)
The 2-form dω only has components tangent to the base space and can therefore be
decomposed into self-dual and anti-self-dual parts with respect to the base space
B:
fdω = G+ +G− (3.26)








with G+ ≡ 1
2
f(dω + ?4dω), where ?4 denotes the Hodge dual on four-dimensional
base space B with respect to the metric hmn with orientation so that the complex
structures are anti-self dual [49]. Thus for such solution the second term on the
right-hand side of (3.27) is absent. The Bianchi identity for F yields
dG+ = 0 (3.28)
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where m,n are indices on B, raised with the metric hmn.
On the other hand, the Einstein equation is automatically satisfied as a con-
sequence of the above equations including (3.8), (3.17) and (3.28), the proof can
be referred to appendix B in [44].
In summary, the above analysis shows that the general supersymmetric so-
lution in the stationary case with f > 0 is determined by a hyper-Ka¨hler base
4-manifold B with metric hmn and an orientation chosen so that the hyper-Ka¨hler
2-forms are anti-self-dual, together with a globally defined function f and locally
defined 1-form connection ω on B. Writing fdω = G−+G+, we have dG+ = 0 and
also ∆f−1 = 2
9
(G+)mn(G
+)mn. The field strength is then determined as in (3.27).
The general stationary black hole solution of D = 5 supergravity will depend
on four parameters, the mass M , the electric charge Q, and two angular momenta,
J1 and J2, and furthermore on an additional parameter related to the ring radius
R for the supersymmetric black ring solution. However, for the supersymmetric






there is an additional constraint such that one linear of J1 and J2 must vanish.
Thus the general supersymmetric solution is parameterized by the mass M , one
angular momenta, which we shall call J and the radius R. The J = 0, R = 0 case
is the D = 5 extremal black hole, whose metric can be written in a form similar to













dr2 + r2dΩ23 (3.32)
9The bound can be saturated only if the solution admits a Killing spinor ∇µ = 0.
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in which the horizon is located at r = r0. Alternatively, one can define r˜ =√
















Using this convenient expression, it is easy to see that the horizon is located at





3.2 BMPV black hole
The first static charged BPS black hole was discovered by Strominger and
Vafa [45]. It can be viewed as the low energy solution of the type IIA super-
string theory compactified on K3×S1. In the following year, beginning with a five
dimensional black hole which spins in a single plane and is a solution of the five-
dimensional Einstein equations, a generalized solution with the same charges and
equal angular momenta in two orthogonal planes, via adding a trivial flat dimen-
sion and applying string/string duality and Kaluza-Klein reduction (S1 reduction)
was obtained by Breckenridge, Myers, Peet, and Vafa (BMPV) [46], thus extend-
ing the success of [45] to rotating black holes with a single independent rotation
parameter. Later we call the five-dimensional spinning supersymmetric black hole
the BMPV black hole. In the meanwhile, the general static and spinning supersym-
metric extreme dyonic black hole, which carries two electric charges (Q1 and Q2)
and one magnetic charge P , of heterotic or type IIB superstring theory toroidally
compactified on S1 × T 4 was also successfully constructed by Tseytlin [47] from
a conformal σ-model, or by Cveticˇ and Youm [68] via T-duality. The resulting
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five-dimensional Einstein-frame metric is














[(r2 +Q1)(r2 +Q2)(r2 + P )]1/3
(3.35)








Notice that when we take γ → 0, (3.35) reduces to the static solution [45].
From the asymptotic form of the metric (3.35) above at r →∞ and compar-




(Q1 +Q2 + P ) (3.37)
and for the angular momentum in both planes defined by ϕ and ψ, we find
Jϕ = −Jψ = pi
4G5
γ (3.38)
As stated in the last section, supersymmetry imposes one constraint on the two
angular momenta of the general black hole solution. Thus a remarkable feature
for all supersymmetric black holes is that they should have the equal-magnitude
angular momenta in the two independent planes, i.e.
| Jϕ |=| Jψ |≡ J (3.39)
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which shows that the total charge (Qe + Qm) is proportional to the parameters




(Qe +Qm); hence the Bogomol’nyi-
Prasad-Sommerfield (BPS) inequality of [66] is saturated.
In the r → 0 limit the metric (3.35) becomes









sin2 θdϕ+ cos2 θdψ
)2] (3.42)












It shows that five-dimensional supersymmetric black holes have a finite-area hori-




there is no regular rotating solution in the purely electric limit P → 0. In addition,
the Bekenstein-Hawking entropy was derived [45] by counting the degeneracy of





When all three charges are equal Q1 = Q2 = P ≡ Q, this solution will reduce
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dr2 + r2(dθ2 + sin2 θdϕ2 + cos2 θdψ2)
] (3.45)
The parameters Q and γ in the metric are related to its asymptotic properties such



















Except for the static black hole, the spinning solution, although a solution of the
low-energy superstring theory, is not a solution of the Einstein-Maxwell equations
in five dimensions due to the present Chern-Simons contributions, arising from the
combination of the magnetic dipole field and electric monopole field [46]. Further-
more, [36] has proved that the BMPV supersymmetric rotating black hole solution
can be embedded in the minimal N = 1, D = 5 supergravity.















Solving the expression of j in terms of J and plugging it into the equation (3.48),


















We find it satisfying that the dimensionless angular momentum is still bounded,
but with a different upper bound 0 ≤ j ≤ 1/(2√2). The phase of the BMPV black
hole is shown in Figure 3.1 and the horizon area reaches the maximum when the
black hole is static.
Figure 3.1: Dimensionless horizon area aH of BMPV black hole vs angular momentum
j for fixed mass. BMPV black hole, possessing the equal angular momenta in the or-
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Additionally the static BMPV black hole can recover the extremal black hole
in D = 5. If γ = 0 or J = 0, the metric (3.45) becomes exactly the same as (3.33)
with the identification Q = r20.
3.3 Supersymmetric black ring
The possible existence of supersymmetric black rings was suggested in [69–
72] based on thought experiments involving supersymmetric black holes and su-
pertubes [73]. The parallel studies to classify supersymmetric solutions of five-
dimensional N = 1 supergravity were presented in [44, 67, 74]. In particular, [67]
proved that the geometry of the event horizon of any supersymmetric black hole of
minimal five-dimensional supergravity must be (i) T 3, (ii) S1×S2, or (iii) (possibly
a quotient of) a homogeneously squashed S3. It also proved that the only asymp-
totically flat supersymmetric solution with horizon geometry (iii) is the BMPV
black hole (which reduces to a solution of minimal supergravity when its three
charges are set equal). The original five-dimensional supersymmetric black ring
solution with equal-charge [48], that is the solution of type (ii), was obtained by
solving these equations for minimal D = 5 supergravity, taking the hyper-Ka¨hler
space M4 to be flat space R4. Upon oxidation to ten dimensions, this solution de-
scribes a black supertube carrying equal D1-brane, D5-brane and momentum (P )
charges, and equal D1, D5 and Kaluza-Klein monopole (KKM) dipole moments.
This solution was subsequently generalized to allow for unequal charges and un-
equal dipole moments in U(1)3 supergravity [49].10 The general solution is
10In fact, the same method yields black ring solutions of U(1)N supergravity [49,53].
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ds25 = −(f1f2f3)2/3(dt+ ω)2 + (f1f2f3)−1/3ds2(M4) (3.52)
and the gauge field is uniquely determined by fi and ω [44]
Ai = fi(dt+ ω)− qi
2
[(1 + x˜)dφ1 + (1 + y˜)dφ2] (3.53)
where ds2(M4) can be written down using the original ring coordinates of (A.16)






y˜2 − 1 + (y˜
2 − 1)dφ22 +
dx˜2




This coordinate system foliates R4 by surfaces of constant y˜ with topology S1×S2,
which are equipotential surfaces of the field created by a ringlike source. They are
illustrated in Figure A.2. The coordinates take values in the ranges −1 ≤ x˜ ≤ 1
and −∞ ≤ y˜ ≤ −1; φ1, φ2 are polar angles in two orthogonal planes in R4 and
have period 2pi. Asymptotic infinity lies at x˜→ y˜ → −1. Note that the apparent
singularities at y˜ = −1 and x˜ = ±1 are merely coordinate singularities, and that
(x˜, φ1) parameterize (topologically) a two-sphere. The locus y˜ = −∞ in the four-
dimensional geometry (3.54) is a circle of radius R > 0 parameterized by φ2. In
the full geometry (3.52) this circle is blown up into a finite-area, regular horizon.
The orientation is y˜φ2x˜φ1 = 1. Note also that the function x˜ − y˜ is harmonic in
(3.54), with Dirac-delta sources on the circle at y˜ = −∞.
The scalar functions fi and one-form ω of the solution are
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and ω = ωφ1dφ1 + ωφ2dφ2 with
ω1 ≡ ωφ1 = −
1
8R2
(1− x˜2) [q1Q1 + q2Q2 + q3Q3 − q1q2q3(3 + x˜+ y˜)]
ω2 ≡ ωφ2 =
1
2
(q1 + q2 + q3)(1 + y˜)− 1
8R2
(y˜2 − 1)
× [q1Q1 + q2Q2 + q3Q3 − q1q2q3(3 + x˜+ y˜)]
(3.56)
The solution depends on the seven parameters Qi, qi, and R. Qi and qi are
constants that measure the charges and the dipole moments of the ring. We
assume that Q1 ≥ q2q3, Q2 ≥ q1q3 and Q3 ≥ q1q2 so that f−1i ≥ 0. R is
a length scale corresponding to the radius of the ring with respect to the base
space metric. The angular momentum one-form ω is globally well defined, since
ωφ1(x˜ = ±1) = ωφ2(y˜ = −1) = 0, i.e., there are no Dirac-Misner strings. In con-
trast, the fields Ai are not globally well defined since there are Dirac strings at
x˜ = 1 (but not at x˜ = −1 or y˜ = −1). This poses no problem, however, because
their gauge-invariant field strengths F i = dAi are well defined.
The mass and angular momenta of this general supersymmetric black ring













q1Q1 + q2Q2 + q3Q3 − q1q2q3 + 2R2(q1 + q2 + q3)
]
(3.59)
They show that supersymmetric black rings always have unequal angular momenta
unless in the limit R → 0, which we could find later is the BMPV solution since
the parameter R is determined by the difference of two angular momenta and the
dipoles.
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The S3 is the sphere at infinity in the five-dimensional space-time. Thus the mass
for the supersymmetric solution is fixed by the saturation of the Bogomol’nyi-





(Q1 +Q2 +Q3) (3.61)












where the S2 is a surface of constant t, y˜ and φ2.
Assuming that this solution does not suffer from causal pathologies, it then
has an event horizon at y˜ → −∞ [49]. Just as for non-supersymmetric rings, φ2
and t are not good coordinates on the horizon and have to be replaced by new
coordinates φ˜2 and v. For supersymmetric rings, the φ1 rotation implies that φ1
is also not a good coordinate; however χ˜ ≡ φ1 − φ2 is. Defining r˜ = −R/y˜ and





(dθ˜2 + sin2 θ˜dχ˜2) (3.63)
So the horizon is geometrically a product of a circle of radius l parameterized by
the coordinate φ˜2 and a two-sphere of radius q¯/2 parameterized by the coordinates
x˜ and χ˜. The horizon area is



























− q¯3 4G5(J2 − J1)
pi
]1/2 (3.65)
where we have defined
Q1 = Q1 − q2q3, Q2 = Q2 − q1q3, Q3 = Q3 − q1q2 (3.66)
and
q¯ ≡ (q1q2q3)1/3 (3.67)








Finally, we note that the angular velocities ΩH of the horizon of a supersymmetric
black ring vanish, as is necessarily the case for a supersymmetric, asymptotically
flat black hole [36].
Although this general solution (3.55) and (3.56) is determined by seven pa-
rameters labeled by three charges Qi, three-dipole moments qi and the radius of
the ring R, it carries only three independent conserved charges Qi, namely, the
D1, D5 and momentum charges (which determine the mass through the saturated
BPS bound implied by supersymmetry), and two independent angular momenta.
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Hence classically, the continuous violation of black hole uniqueness discovered for
the dipole black rings of [41] also extends to supersymmetric black holes in five
dimensions. In string/M theory, the net charges and dipole charges must be integer
quantized, since they represent the number of branes and units of momenta. As a
consequence of the charge quantization, the violation of uniqueness is finite.
In the special case of three equal charges Q1 = Q2 = Q3 ≡ Q and three
equal dipoles q1 = q2 = q3 ≡ q, this general solution (3.52)-(3.56) reduces to the
supersymmetric black ring solution of minimal supergravity constructed in [48].
ds2 = −f 2(dt+ ω)2 + f−1ds2(R4) (3.69)
where the metric form and coordinate ranges on ds2(R4) for the flat space are as
that we encountered in (3.54). Now the scalar f−1 of the solution is simplified to
one function






(x˜2 − y˜2) (3.70)
and one-form ω = ωφ1(x˜, y˜)dφ1 + ωφ2(x˜, y˜)dφ2, with
ω1 ≡ ωφ1 = −
q
8R2
(1− x˜2) [3Q− q2(3 + x˜+ y˜)]
ω2 ≡ ωφ2 =
3
2
q(1 + y˜)− q
8R2
(y˜2 − 1) [3Q− q2(3 + x˜+ y˜)] (3.71)
Here we assume Q ≥ q2 to guarantee f−1 ≥ 0 and that the one-form ω is smooth at
finite y˜ in the general solution. Using the relation (1−x˜2)∂x˜ωφ2 = (y˜2−1)∂y˜ωφ1 , it is
easily verified that (3.70) and (3.71) satisfy the supersymmetric conditions (3.28)
and (3.29). For this solution, the gauge potential with Maxwell field strength








[(1 + x˜)dφ1 + (1 + y˜)dφ2]
]
(3.72)
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The metric (3.54) in the ring coordinates can be brought to a manifestly flat form
ds2(R4) = dρ2 + ρ2(dΘ2 + cos2 Θdφ21 + sin2 Θdφ22) (3.73)
with the coordinate transformation









In these coordinates the solution takes the form [48]
































where Σ ≡√(ρ2 −R2)2 + 4R2ρ2 cos2 Θ. Now it is easy to determine the mass and












q(3Q− q2 + 6R2) (3.80)
Just like the general case, the angular momenta of this supersymmetric black ring
are always different, If R = 0 the solution reduces to the BMPV solution, so there
are no black rings with J1 = J2. By the definition of conserved electric charge (3.60)
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the Bogomol’nyi-Prasad-Sommerfield (BPS) inequality of [66] is still saturated.
Thus, the equal-charge solution of the supersymmetric black ring (3.75) is
specified by its electric charge and two independent and unequal angular momenta,
which illustrates the fact that supersymmetry imposes no constraint on the angu-
lar momenta. It also has a nonvanishing magnetic dipole, which is fixed by the
asymptotic charges and therefore is not an independent parameter.
Analogous to the general solution, defining
r˜ = −R/y˜, x˜ = cos θ˜ (3.81)
with the ranges of
0 ≤ r˜ ≤ R, 0 ≤ θ˜ ≤ pi (3.82)
and using good coordinates φ˜1 and φ˜2 instead of φ1 and φ2, we can read off the





(dθ˜2 + sin2 θ˜dχ˜2) (3.83)










We clearly see that the topology of the horizon is S1 × S2, where the S1 and S2
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3[(Q− q2)2 − 4q2R2] (3.85)
It shows that the single supersymmetric black ring has a regular horizon area if





We can also verify that the surface gravity κ and angular velocities ΩH of the event
horizon for this equal-charge black ring vanish, as expected for a supersymmetric,
asymptotically flat black hole [36].
Unlike the general supersymmetric black ring presented in the first part of
this section, this equal-charge supersymmetric black ring (of minimal supergravity)
is uniquely determined by its three conserved charges (mass M and two unequal
angular momenta J1 and J2). Introducing the dimensionless scale (2.19) for horizon



















Q−3/2q(3Q− q2 + 6R2)
(3.87)
Figure 3.2 shows the known phases of the supersymmetric black ring. The
region of the j1-j2 plane occupied by single supersymmetric black rings for fixed
charge Q or mass M are displayed in Figure 3.2(a). In fact the shape of occupied
region is the same for different charges. Making the substitution for the parameters
q′ = qQ−1/2 and R′ = RQ−1/2 we then find that (3.87) is independent of Q and
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the range of q′ should be from 0 ≤ q′ ≤ 1 due to Q ≥ q2.
Figure 3.2: Plot of the dimensionless horizon area aH as a function of the dimensionless
angular momentum j. In figure (a) the scales for j1 and j2 are different for a better
representation: the planar boundary corresponds to j1 = j2 (which is reached only as
R → 0, but is not the phase of black ring). The surface extends to infinity to the right
when the angular momentum of S2-rotation j1 is very close to zero. In fact, there always
exists a maximum value of S1 angular momentum j2 for any nonzero j1. Figure (b) and
(c) are the projected phase diagrams of supersymmetric black rings on the (j1, aH) and
(j2, aH) plane respectively.
From Figure 3.2(a) we clearly see that there are three boundaries to this
region. The boundary to the upper right arises from the condition (3.86) with
l, the radius of the S1, vanishing at the boundary. The lower boundary j1 = 0
arises from the condition q > 0 so the radius of the S2 vanishes at this boundary.
The leftmost, straight boundary arises from the condition R > 0, which implies
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j2 > j1. The two additional phase diagrams (b) and (c), shown in Figure 3.2
are equivalent. In figure (b) we use the S2 angular momentum j1 of the ring as
the ‘order parameter’ on the horizontal axis, and in figure (c) it is the S1 angular
momentum j2. The solid black curve presents the zero-radius limit of the single
supersymmetric black ring solution.
One feature of the curves of fixed angular momentum j1 on the S
2 is that the
S1 angular momentum j2 cannot be arbitrarily large. This implies that for given
non-vanishing j1, the size of the S
1 cannot become arbitrarily thin. This in turn
means that one cannot spin up the ring to arbitrarily large j2. Hence for given j1,
there is a maximum possible value for j2. When j1 is small, the maximum value
of j2 is large, but decreases as j1 increases, as is seen in Figure 3.2(a).
Unlike the extremal doubly spinning black ring (which must carry a certain
amount of angular momentum for the given mass to balance itself against col-
lapse, i.e. j22 ≥ 27/32.), the S1 rotation of the supersymmetric black ring could
be arbitrarily slow except that the ring tends to be static. The solution will be-
come nakedly singular for the static ring. Another qualitative feature is the upper
bound of the S2 angular momentum j1 and horizon area aH , which nevertheless
are independent of Q. In the R = 0 limit where two angular momenta become
equal, the maximum angular momentum j1 = 1/(2
√
2) is reached when Q = q2.




3) and the ring has the maximum
horizon area aH = 1/3.
Additionally for fixed j1 the horizon area (or entropy function) is maximized
as R → 0. However, this function is not continuous at R = 0. At this point,
the black ring solution reduces to the BMPV black hole, whose entropy is greater
than the R → 0 limit of the black ring entropy. This discontinuity is due to the
change in the horizon topology from S1 × S2 at R > 0 to S3 at R = 0, and is
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analogous to the discontinuous increase in entropy that occurs when two sources
of a multicenter extremal Reissner-Nordstro¨m solution become coincident.

4
Generating Supersymmetric Solutions via
Harmonic Functions
Stationary solutions corresponding to multiple BMPV black holes have been
constructed [36] although the regularity of these solutions has not been investigated
and the superposition of these black holes breaks all symmetries of a single cen-
tral BMPV solution except for time-translation invariance. It was also presented
in chapter 3 that the BPS (Bogomol’nyi-Prasad-Sommerfield) equations solved by
the black ring (3.29) appear to be nonlinear, hence this obscures the construc-
tion of multiple ring solutions via simple superpositions. However, there is in fact
a linear structure underlying the black ring solutions and that allows us to con-
struct solutions describing multiple supersymmetric black rings or superpositions
of supersymmetric black rings with BMPV black holes via the harmonic function
method by virtue of the first order nature of the supersymmetry conditions [30].
This chapter mainly surveys the harmonic function method and its appli-
cation in finding the supersymmetric solutions. I begin by stating the harmonic
function formalism and apply it to reobtain the known BMPV black hole and su-
persymmetric black ring solutions (which have already given in chapter 3). Next,
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supersymmetric multiple concentric black rings solutions are constructed via sim-
ple superposition of harmonic functions characterizing each ring. Two illustrative
solutions are analyzed in some detail: symmetric bicycling rings and di-ring. In
the final section I explicitly present the most general solution for the supersym-
metric bi-ring Saturn, which will be used in the next chapter. Throughout this
chapter several coordinate systems are introduced in expressing the supersymmet-
ric solutions for black systems, however, none of which are a priori preferable. The
definitions of each coordinate are provided in the appendix A.
4.1 Harmonic function method formalism
As mentioned in equation (3.24), the full metric for all supersymmetric solu-
tions in this chapter can be written as
ds2 = −f 2(dt+ ω)2 + f−1ds2(R4) (4.1)
in which the flat base space R4 has the Gibbons-Hawking metric (see Appendix A)
ds2(R4) = H−1(dψ + χ · dx) +H[ds2(R3)]
= H−1(dψ + cos θdϕ)2 +H
[
dr2 + r2(dθ2 + sin2 θdϕ2)
] (4.2)
with H = 1|x| ≡ 1r and χ · dx = cos θdϕ.
If the Killing vector ∂ψ is a Killing vector of the full five-dimensional space-
time (i.e., if f and ω are independent of ψ) then the equations for f and ω can be
solved explicitly. Write
ω = ωψ(dψ + χ · dx) + ωˆ
= ωψ(dψ + cos θdϕ) + ωˆidx
i
(4.3)
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In equations such as this written in three-dimensional vector notation, ωˆ refers to




f(dω + ?4dω) the condition (3.28) for G
+ then reduces to
∇×A+ = 0 (4.4)
∇ · (HA+ + χ×A+) = 0 (4.5)
where
A+ = H−1f [H∇ωψ − ωψ∇H −∇× ωˆ] (4.6)
The first of these yields
A+ = ∇% (4.7)
for some locally defined function %. Substituting into the second gives
∇2(H%) = 0 (4.8)
and hence
% = 3KH−1 (4.9)




H(∇%)2 = ∇2(K2H−1) (4.10)
and hence
f−1 = H−1K2 + L (4.11)
where L is another harmonic function. It remains to solve for ωψ and ωˆi. Substi-
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tuting the above results into (4.6) gives
H∇ωψ − ωψ∇H −∇× ωˆ = 3(K2 + LH)∇(KH−1) (4.12)
Taking the divergence of this gives the integrability condition
∇2ωψ = 3H−1∇ ·
[











where W is an arbitrary harmonic function. Substituting the solution back into
(4.13) then gives an equation that determines ωˆ up to a gradient (which can be
absorbed into t).1
∇× ωˆ = H∇W −W∇H + 3
2
(K∇L− L∇K) (4.15)
The above analysis shows that the general solution in the thesis, for which the
base space admits a triholomorphic Killing vector field ∂ψ of the five-dimensional
space-time, is fully specified by three harmonic functions K, L and W on R3 in
addition to the harmonic function H on the flat space.
4.2 The single supersymmetric black ring
By writing f and ω in the Gibbons-Hawking coordinates (r, θ, ϕ, ψ), we can
determine the three harmonic functions K, L and W . It was found in [48] that
1We note here that a constant term in the harmonic function W can always be removed,
locally, by a coordinate transformation that shifts t.
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they can all be expressed in terms of a single harmonic function hr given by
hr =
1
| x− xr | (4.16)
with a single center on the negative z axis: xr = (0, 0,−R2/4), which is a coordi-
nate singularity corresponding to the event horizon of the black ring. Specifically,
hr =
[






















16r2 + 8R2r cos θ +R4 (4.18)
Besides the harmonic function H = 1/r for the flat base space R4, three harmonic















Following (4.11) and (4.14), we have




















Assuming ωˆ = ωˆidx
i has only one nonvanishing component ωˆϕ
2 and solving it from
2Since the ϕ-component of the curl ω is zero, for simplicity we assume ωˆ has only a component
ωˆϕ.
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(4.15) yields








(1 + cos θ)dϕ
(4.24)
Thus the total form of ω becomes
ω = ωψ(r, θ)(dψ + cos θdϕ) + ωˆϕ(r, θ)r sin θdϕ (4.25)















the one-form ω has an alternative form
ω = ωφ1(ρ,Θ)dφ1 + ωφ2(ρ,Θ)dφ2 (4.27)
with
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where Σ ≡ √ρ4 +R4 + 2R2ρ2 cos(2Θ) = √(ρ2 −R2)2 + 4R2ρ2 cos2 Θ. Now the
total metric can be expressed as
ds2 = −f 2(ρ,Θ) [dt+ ωφ1(ρ,Θ)dφ1 + ωφ2(ρ,Θ)dφ2]2
+ f−1(ρ,Θ)
[
dρ2 + ρ2(dΘ2 + cos2 Θdφ21 + sin
2 Θdφ22)
] (4.30)
Using these coordinates it is straightforward to obtain the asymptotic ADM mass












q(3Q− q2 + 6R2) (4.33)
which is in exact agreement with the original solution of [48].
4.3 The single BMPV black hole
Although the BMPV black hole was discovered earlier and is much easier to
study than the supersymmetric black ring, the reduction to the BMPV black hole
from the black ring is not trivial. As noted in [48], if we set R = 0 then we find
that the black ring solution in the (ρ,Θ) coordinates of (4.22) and (4.29) becomes
the black hole solution in the (r, θ) coordinates of (3.45). Hence, we intuitively let
the pole of harmonic functions at the origin xr = (0, 0, 0) ≡ xh to try to generate
the BMPV solution via the harmonic function method. In this case, the common
harmonic function h embedded in K, L and W simplifies to
hh =
1
| x− xh | =
1√
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then the solution of a black hole carrying the electric charge Qh and dipole charge
qh can be constructed as









with the zero one-form on R3
ωˆ = 0 (4.37)
due to the all vanishing components of ∇× ωˆ, in this case the full metric solution
can be brought to a concise form
ds2 = −f 2(ρ,Θ) [dt+ 2ωψ(ρ,Θ) cos2 Θdφ1 + 2ωψ(ρ,Θ) sin2 Θdφ2]2
+ f−1(ρ,Θ)
[
dρ2 + ρ2(dΘ2 + cos2 Θdφ21 + sin
2 Θdφ22)
] (4.38)
Identifying 2ωψ(ρ,Θ) = γ/r
2, we will find that the BMPV solution (3.45) is recov-
ered with the replacement of coordinate system (r, θ, ψ, ϕ) by (ρ,Θ, φ1, φ2) on the
flat base space R4. This leads to the easy calculation of the asymptotic properties
of the BMPV black hole after taking the Taylor expansion of metric component













Note that the parameter qh has become redundant since it enters the solution (4.36)
only through the angular momentum J or γ of (4.40). In particular, it no longer
appears in A = f(dt+ ω) and therefore no longer has the interpretation of dipole
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charge [49].
In order to evaluate the area of the event horizon, we need to write the spatial
cross section metric and perform a Taylor expansion for all components at ρ = 0,




1 + 2gφ1φ2dφ1dφ2 + gφ2φ2dφ
2
2 (4.41)
with the components given by
gΘΘ = Qh
gφ1φ1 = Qh cos
2 Θ− q
2
h(3Qh − q2h)2 cos4 Θ
4Q2h
gφ2φ2 = Qh sin
2 Θ− q
2
h(3Qh − q2h)2 sin4 Θ
4Q2h
gφ1φ2 = gφ2φ1 =
q2h(3Qh − q2h)2 sin2 Θ cos2 Θ
4Q2h
(4.42)



















(4Qh − q2h)(Qh − q2h)2
(4.43)
The results show that the properties of the solution such as ADM mass and angular
momentum is the same as the BMPV black hole and also for the horizon area if we
eliminate qh from equation (4.43) with γ = −qh(3Qh− q2h)/(2ρ2). However here we
can find that the horizon area will become singular when qh =
√
Qh. We should
see that this is not the R → 0 limit of the horizon area of the supersymmetric
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Figure 4.1: Dimensionless area of the BMPV black hole (dashed) and limit R → 0 of
the area of the supersymmetric black ring (solid), vs j2, for fixed mass [in terms of the







which is always smaller than that of the BMPV black hole with the same asymp-
totic charges Q and q because of the requirement Q ≥ q2, except possibly when
both areas vanish. The dimensionless areas are compared in Figure 4.1 for the
solutions of minimal supergravity. A reasonable explanation regarding this effect
is that the horizon topology of the two solutions between a BMPV black hole with
R = 0 and a black ring at the limit R→ 0 are different. This same effect occurs for
the two-center extremal Reissner-Nordstro¨m (RN) solution, where the limit of zero
separation is discontinuous, and indeed the topology of the solution changes [49].
4.4 Supersymmetric multiple concentric black rings
We now come to the solution describing multiple supersymmetric black rings,
which we call multiple ‘bicycle black rings’, or simply multi ‘bi-rings’ for short [33].
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Figure 4.2: Multiple concentric bicycling black rings in orthogonal planes. It is a
balanced configuration that contains a number of original supersymmetric black rings
along the plane of ring 1 and the others along the plane of ring 2. All the rings in this
configuration share a common center.
It is a balanced configuration of n original supersymmetric black rings of [48] in
orthogonal planes. This system is sketched in Figure 4.2.
4.4.1 General multi-bicycles (tandems) solution
As shown in [52], the bi-ring solutions, with which all poles are located along
the z axis, can be obtained by taking the harmonic functions hi to have more
general sources with poles at several points xi = (0, 0,−kiR2i /4) in R3, each corre-
















in which ki can be taken as +1 for each ring or −1 for the other rings lying in the
3We first note that any point in R3 labeled by (r0, θ0, ϕ0), r0 6= 0, defines an S1, parameterized
by ψ, with radius r0 lying in a two-plane specified by (θ0, ϕ0). It implies a natural interpretation
of this multiple concentric black rings solution provided in [52] that the location of the pole in
R3 corresponds to a different plane in R4 (at asymptotic infinity) in which the S1 of the ring lies.
Note also that all of these S1s are concentric, with common center r0 6= 0 [52].
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orthogonal plane. For example, the point (0, 0,−R2/4) corresponding to the single
black-ring solution has the coordinate θ = pi and r = R2/4, or equivalently r1 = 0
and r2 = R through the transformation (B.3), so it defines an S
1 lying just in
the (r2, φ2) plane, while the point (0, 0, R
2/4) indicates that r1 = R and r2 = 0,
thereby defining an S1 lying in the orthogonal (r1, φ1) two-plane, both centered
at the origin. Therefore, all of the poles lying in a given direction starting from
the origin in R3, for example, the negative z axis, correspond to S1s lying in the
same two-plane. If the poles lie on a single line passing through the origin in R3,
for example, the z axis, then the black rings lie in one of two orthogonal two-
planes. The harmonic functions K, L and W then have a natural generalization





















qi | xi | hi (4.48)
with the constants Qi and qi being proportional to the electric charges and dipole
charges carried by each ring in the system. We take Qi ≥ q2i in order to ensure
that f−1 > 0.4 The constant term in W has been chosen to ensure that ∂ψ remains
spacelike at x = 0. The solution is fully specified after following (4.11) and (4.14)













4In fact this condition is too strict for the bi-ring solution even if it is necessary for each single
black ring.






























We can solve (4.15) with ωˆ only having a nonzero ϕ-component as for the single











qi(cos θ + ki)dϕ (4.51)
By considering the asymptotic form of the solution we find that the ADM
































i (ki − 1)

(4.53)











To analyze the horizon geometry, it is useful to use the near-horizon spher-
ical polar coordinates (i, ϑi, ϕ˜i) centered on the pole xi for each ring presented
in Appendix A with an additional angular angle ψ. We then introduce a new
coordinate
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It is easy to write out the full metric solution in the coordinates (v, i, ϑi, ϕ˜i, ψ˜)
5
as before, but we shall not do so here for simplicity. As proved in [52], i = 0 is
a null hypersurface and a Killing horizon of V = ∂v, hence the black ring has an
event horizon which is the union of the Killing horizons for each i = 0. For each











We see that the horizon has geometry S1 × S2, where the S1 and round S2 have
radii li and q
2
i , respectively. This is precisely the geometry of the event horizon
for a single supersymmetric black ring. More importantly, the above calculation
shows that as one goes near to a pole, the other poles have a subdominant effect.
Therefore the total horizon for multiple bicycling rings is the sum of the areas of








Placing a black hole at the center of such a generalized bi-ring system will
give rise to an even larger class of solutions, including symmetric ones. Further
discussion of generalizations follows in the next section.
4.4.2 Symmetric bicycling rings solution
A particularly simple subclass of bi-ring solutions is symmetric bicycles, or
called ‘bi-ring’ for short. This configuration can be modeled by requiring that the





di, where the constants b2 and b1 are taken to eliminate the 1/i divergence in giψ˜
and gii . Moreover the constant c1 is used to eliminate the 1/
2
i divergence in gii .
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two supersymmetric black rings lying in the orthogonal planes are identical (i.e.
that they have the same charges Q1 = Q2 ≡ Q, the same dipoles q1 = q2 ≡ q and
the same radii R1 = R2 ≡ R),6 ignoring the interactions between the rings.
We study this class of solutions by normalizing the physical parameters for
the bi-rings in terms of the total mass. For the symmetric configuration, this is












3 [(Q− q2)2 − 4q2R2]
(Q− q2)3/2
j =
q(6Q+ 2q2 + 3R2)
8(Q− q2)3/2
(4.60)
This solution is described by a single scale Q and two parameters q and R. Thus
for fixed charge, there are three independent parameters for the system. Asymp-
totically, the equal angular momenta j in the two planes just fixes one of two
parameters. Thus the symmetric bi-rings have 1-fold continuous non-uniqueness.
This freedom corresponds to continuously distributing the total mass between the
two black rings. Thus this solution will fill up a 2-dimensional area of the phase
diagram, which is illustrated in Figure 4.3.
Figure 4.3 shows the dimensionless area aH vs. the angular momentum j (as
introduced in (2.19)) for the symmetric bi-ring system (shaded area). Unlike the
6In fact, the equal charge and dipole is a sufficient and necessary condition to make the solution







are (i) q1 = q2, (ii) Q1 = Q2 = −q1q2 with q1 6= q2 when Q1 = Q2,
however the latter solution leads to the zero total mass M = 0, which is physically unacceptable.
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Figure 4.3: Phase diagram for symmetric bicycling black rings. The angular momenta
in this configuration is equal, so we define j ≡ j1 = j2. The solid curve shows the
phase of BMPV black hole. The shaded area indicates the range in the phase diagram
covered by the symmetric bicycling black rings solutions where two identical rings lie in
the orthogonal planes.
description for the vacuum black rings in [35], the phase covered by this config-
uration is not a strip extending to all j ≥ 0. Moreover, this symmetric bi-rings
configurations unexpectedly have lower entropy than single supersymmetric black
rings with the same mass and spin. As suggested by the fact that the rotations
of S1 and S2 of two rings interchange each other, the angular momentum j of the
symmetric bi-ring system is however unbounded from above. In particular, when




3), this symmetric bi-ring configuration has maximal area
aH = 1/6, which is in contrast to the non-supersymmetric black ring in [20, 35]
where the maximal area will be that of a minimally spinning ring.
In Figure 4.3 we also display the only known supersymmetric black hole
solution in 4+1 dimensions with equal magnitude angular momenta in the two
planes of rotation: the BMPV black hole with J1 = J2 (solid curve in Figure 4.3).
§ 4.4. SUPERSYMMETRIC MULTIPLE CONCENTRIC BLACK RINGS · 61 ·
Figure 4.4: Di-ring configuration. It is the simplest multiple supersymmetric black
ring solution where ring 1 and ring 2 lie in the parallel planes and share a common
center. Both rings are doubly rotating, the angular momentum of S1-rotation for ring
1 is denoted J
(1)
2 while S
2-the angular momentum for ring 1 is denoted J
(1)
1 . The same
notation is applied to ring 2. The direction of S1-spin J
(1)
2 for ring 1 is parallel to that
of S2-spin J
(2)
1 for ring 2.
A few relevant properties of the BMPV black hole have been reviewed in section
3.2. At j = 0 this is just the BMPV black hole whose area is aH = 1. As j
increases, the area decreases, and the curve ends at zero area with j = 1/(2
√
2),
which coincides with the singular point for the bi-ring system at R = 0 limit.
4.4.3 Multiple di-ring solution
In contrast to the bi-ring solution, the so-called di-ring solution is a configu-
ration where all the concentric rings lie in the same plane and is shown in Figure
4.4. In fact, this configuration should be the simplest multiple supersymmetric
black ring solution. As discussed in the section 4.4.1, all the poles of the rings
are located on the positive or negative z axis for this configuration, intuitively we
can thus obtain its solution from the solution of multiple bi-rings (4.49)-(4.51) by
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taking all the ki to have the same value, i.e., ki = +1 for the case where all poles
lie at the negative z axis. In the same way its physical properties (4.52) can be
calculated. In particular, the bi-ring and di-ring system have the same total mass
when the rings in two configurations share the same charge and dipole but not
the same angular momenta. This is easy to understand from the unique feature
of supersymmetric systems, in which two rings have no interaction by virtue of
the cancelation of gravitational attraction and electrostatic repulsion between the
holes, thus the total mass of the system is independent of the placement mode
for each ring. However, the angular momentum of course depends on the ring
placement as in the nonsupersymmetric case.
Moreover, when we shrink one of the inner rings down to zero radius, we
obtain a solution describing a black hole sitting at the common center of the outer
rings, which we call a ‘black Saturn’ [30].
4.5 Supersymmetric bi-ring Saturn
Towards our major discussion of the general phase diagram we consider an
even more exotic generalization, called bi-ring Saturn, which consists of two con-
centric orthogonal supersymmetric black rings with a BMPV black hole sitting at
the common center of the remaining rings.7 This system is sketched in Figure 4.5
and can be constructed by taking a multi bi-ring system and shrinking one of the
rings down to zero radius or alternatively superposing a BMPV black hole with a
bi-ring system [37,52].
7In principle the construction method by harmonic functions used in this section allows one
to systematically add an arbitrary number of rings, but the complexity grows enormously with
each new ring.
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Figure 4.5: Supersymmetric bi-ring Saturn configuration. It consists of two concentric
orthogonal supersymmetric black rings with a BMPV black hole sitting at the common
center of the remaining rings. In this configuration the central BMPV black hole can be
either static or rotating. J1 denotes the total angular momentum component along the




1 for ring 1 and S
1-spin J
(2)





4.5.1 General supersymmetric bi-ring Saturn solution
Following the latter construction, the harmonic functions K, L and W for
the bi-ring Saturn is just the simple superposition of the two terms contributed
from two rings and the other term from the central black hole
K = −1
2
(qhhh + q1h1 + q2h2) (4.61)










(qh + q1 + q2)− 3
4
(q1 | x1 | h1 + q2 | x2 | h2 + qh | xh | hh) (4.63)
where the constants Qh, Q1, Q2, qh, q1 and q2 are proportional to the total electric
charges and dipole charges carried by the BMPV black hole and surrounding black
rings. It is easy to find the full solution including the scalar function f−1
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− [q1(4r +R21 −Qh) + qh(Q1 − q21 + qhq1)] cos θΣ1
− [q2(4r +R22 −Qh) + qh(Q2 − q22 + qhq2)] cos θΣ2
)
dϕ (4.66)















to ensure that no divergence of angular momentum, or equivalently
no zeroth order in the Taylor expansion of asymptotic metric components gtφ1 and
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gtφ2 . After some tedious algebra it is possible for us to determine the mass and




[Qh + (Q1 +Q2) + 2qh(q1 + q2) + 2q1q2] (4.67)
J1 = − pi
8G5
[
q3h − 3(Qh +Q1 +Q2 + q2h)(q1 + q2)
− 3qh(Qh +Q1 +Q2 + q21 + 4q1q2 + q22) (4.68)
+(q31 − 3q21q2 − 3q1q22 + q32 − 6q2R22)
]
J2 = − pi
8G5
[
q3h − 3(Qh +Q1 +Q2 + q2h)(q1 + q2)
− 3qh(Qh +Q1 +Q2 + q21 + 4q1q2 + q22) (4.69)
+(q31 − 3q21q2 − 3q1q22 + q32 − 6q1R21)
]





2. Thus the symmetric bi-ring Saturn, in which two orthogonal
rings surrounding the central BMPV black hole are identical, has equal magnitude
angular momenta along the rings.
If we let one of the poles in the multiple bicycling ring lie at the origin, i.e.,
we set one of the Ri of the rings to zero, a similar analysis which we used to find
the multi-rings horizon would help us to write the r = Ri spatial cross section
metric as follows:
ds2H =









It reveals a Killing horizon with squashed S3 topology [36] corresponding to the
BMPV black hole solution of [46, 47]. Therefore we could conclude that the total
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horizon for the bi-ring Saturn should be the sum of the areas of the horizons of









3 [(Q1 − q21)2 − 4q21R21] + q2
√
3 [(Q2 − q22)2 − 4q22R22]
] (4.71)
4.5.2 Bi-ring Saturn with a central static BMPV black hole
From the equation (4.40), it is useful for us to observe that the parameter qh
of the static BMPV black hole should be (i) qh = 0 or (ii) qh =
√
3Qh. In order to
make the solution nondegenerate, we restrict the scaled parameter q′h = qh/
√
Qh to
be in the range of 0 ≤ q′h ≤ 1, which is clearly seen from Figure 4.6. The solution
of this bi-ring Saturn configuration with a central static BMPV black hole could
Figure 4.6: Dimensionless area aH and angular momentum j function for the BMPV









. The solid line shows the horizon area aH as a function of q
′
h, aH =√
(1− q′2/4) (1− q′2)2, with a scaled parameter q′h = qh/
√
Qh.
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thus be obtained by taking qh = 0 in the general solution (4.64), (4.65) and (4.66).
Following the similar procedure we used in the previous sections, some physical
properties of this configuration such as the ADM mass, angular momentum and
horizon area are obtained in a simple form due to the absence of qh terms. We can
also show that all the expressions have the exactly same form as the general case,
taking qh = 0 in the equations (4.67)-(4.69), (4.71).

5Phases of Supersymmetric Black Systems
in Five Dimensions
Inspired by the analysis of the bi-ring system and the doubly spinning black
ring, Elvang and Rodriguez [33] speculated about the structure of the phase dia-
gram in five dimensions for zero-temperature black holes. They also emphasized
that the richness of the phase structure of such a system when putting a higher
dimensional black holes at the center is striking, even in a limit as specialized as
that of zero-temperature. Taking advantage of the most general solution — ‘bi-
ring Saturn’ given at the end of the last chapter, in this chapter I will present
the full phase of five-dimensional supersymmetric black holes and show that the
structure of the phase diagram is similar to those for extremal ones. In addition,
some meaningful results from the full phase will be discussed in this chapter.
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5.1 Full phase of extremal black systems in five
dimensions
Before the discussion of the supersymmetric black system phase in five dimen-
sions, we would like to make a brief introduction to the full phase of the extremal
black system described in [33] for later use since all supersymmetric black holes are
extremal and have zero temperature. The expectation for the full phase diagram of
extremal doubly rotating 4+1-dimensional asymptotically flat vacuum black holes
in [33] is presented in Figure 5.1. The curves shown are the single horizon solutions
for the extremal Myers-Perry black hole and extremal doubly spinning black ring.
Figure 5.1: Expected phase diagram for zero temperature extremal 4+1-dimensional
asymptotically flat vacuum black holes. Extremal bi-ring Saturn configurations are an-
ticipated to fully cover the gray strip with 0 ≤ j <∞ and 0 < aH <
√
2.
As shown in Figure 5.1, the extremal bi-ring Saturn configurations are an-
ticipated to fully cover the gray strip from j = 0 to arbitrarily large j. The
total dimensionless area for the gray strip is bounded by the maximum of the
zero temperature Myers-Perry black hole, so that the gray strip covers j ≥ 0 and
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0 < aH <
√
2. The proposal is that there exist zero temperature black hole so-
lutions at any point of the gray strip. In addition, generalized extremal bi-ring
solutions will provide further non-uniqueness in the system.
One way to justify that the whole strip in the phase diagram is covered by
solutions is to consider the extremal bi-ring Saturn. One can get arbitrarily close
to the upper bound aH =
√
2 by putting most of the mass in the central extremal
Myers-Perry black hole, and tuning its angular momentum to maximize its entropy.
The total angular momentum in one plane of rotation can then be adjusted to be
any value 0 ≤ j <∞ by spinning up the surrounding black ring lying in this plane.
The angular momentum in the orthogonal plane can likewise be adjusted to any
value by spinning up the other ring.
5.2 Singularities and causality on supersymmet-
ric black holes
As described in [44], all supersymmetric timelike solutions in five dimensions
seem to suffer from various singularities and causal pathologies such as closed
timelike curves (CTCs). It turns out to be rather difficult to find any new solutions
which do not have closed timelike curves or singularities. In this section I would
like to check all the solutions in chapter 4, particularly the general supersymmetric
bi-ring Saturn, to see whether there are such generic problems and explicitly show
how to remove them if there are.
5.2.1 Absence of closed timelike curves (CTCs)
Closed timelike curves (CTCs) seem to be something that general relativity
works hard to avoid-we have checked that our supersymmetric solutions certainly
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possess CTCs near the horizon. However, we do not expect the solution to have
naked CTCs so we require that all the spatial coordinates are spacelike gii > 0
(i = ρ,Θ, φ1, φ2 in the Gibbons-Hawking coordinates or i = x˜, y˜, φ1, φ2 in the ring
coordinates). It has been shown in [48,52] that to ensure that there are configura-
tions with no CTCs outside the horizon we also demand that the determinant of





 > 0 (5.1)
These two sets of conditions are necessary and sufficient for the solutions to avoid
CTCs. In the following section we will give several examples to illustrate how to
impose some additional conditions on the parameters.
BMPV black hole
For the BMPV black hole solution (4.35)-(4.38), we find analytically gii near
the horizon ρ = 0
gρρ = f





−1ρ2 = Qh + o(ρ) (5.3)
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It is very easy for us to observe that Qh > 0 which we have assumed to guarantee





In the same manner, we could further check that (5.1) is always non-negative.
Thus the positive charge Qh and (5.6) are sufficient and necessary conditions for
the solution to be free of CTCs.
Supersymmetric black ring
The other common example is the supersymmetric black ring solution. As
noted in [30], rewriting the solution in ring coordinates (x˜, y˜) will probably be
helpful for checking for CTCs. However, in order to naturally extend the checking
of CTCs for the bi-ring Saturn which is of great interest in the thesis, here we still
analytically expand gii in the Gibbons-Hawking coordinate of (4.22)-(4.24) near
the ring horizon ρ = R









































sin2 Θ + C + o(ρ−R)
(5.10)
in which C denotes a positive constant term involving the parameters Q, q,Θ and
· 74 ·Ch 5. PHASES OF SUPERSYMMETRIC BLACK SYSTEMS IN FIVE DIMENSIONS
R. So besides the condition Q > q2 which we have assumed, analogous to the
BMPV black hole to guarantee f−1 > 0, we demand




to ensure that ∂/∂φi remains spacelike and (5.1) is always non-negative. In ad-
dition, it is worth mentioning that (5.11) is consistent with the condition for the
absence of CTCs found near the horizon y˜ → −∞ in the ring coordinate in [48].
5.2.2 Absence of Dirac-Misner strings
A gravitational singularity or space-time singularity, on the other hand, is
practically unavoidable. A conical singularity, one of two most important types
of space-time singularities, occurs when there is a point where the limit of every
diffeomorphism invariant quantity is finite. In which case, space-time is not smooth
at the point of the limit itself. Thus, the space-time looks like a cone around this
point, where the singularity is located at the tip of the cone. The metric can
be finite everywhere if a suitable coordinate system is used. An example of such
a conical singularity is the Dirac-Misner string. If these had been present then
removing them would have required a periodic identification of the time coordinate,
rendering the solution unphysical [20,40].
Converting the Gibbons-Hawking coordinates to double polar coordinates
(r1, φ1, r2, φ2) defined by (B.3)
r1 = ρ cos Θ, r2 = ρ sin Θ (5.12)
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full metric now becomes















This form is very useful for demonstrating the regularity of the supersymmetric
solutions. In order to remove the Dirac-Misner string pathologies, we have to
demand that ωφ1 vanishes at Θ = pi/2 or θ = pi, which is r1 = 0, where φ1 is not
well defined. Similarly we demand that ωφ2 vanishes at Θ = θ = 0, which is r2 = 0.
And we observe in (4.28) that












thus the condition reduces to ωˆϕ = 0 at Θ = 0,pi/2 or θ = 0,pi. However, the
fact that ωˆ only has a ϕ-component is just an assumption as we only consider
configurations such that all poles lie on the z axis, the general requirement for the
solutions with no Dirac-Misner strings shown in [52] is that the 3-vector ωˆ on R3
satisfies
ωˆ = 0 at Θ = 0,pi/2 or θ = 0,pi (5.15)
Now we are ready to check whether there are Dirac-Misner strings in the
supersymmetric black systems. As a result of (4.37), the BMPV black hole ob-
viously has no Dirac-Misner strings. It can be analytically shown that there are
no Dirac-Misner strings for the supersymmetric black ring because Σ in (4.24) re-
duces to Σ(θ = 0) = 4r + R2 when θ = 0 and therefore the condition (5.15) will
be automatically satisfied. We have also performed numerical checks for the gen-
eral multiple concentric rings including bi-rings and di-rings and no Dirac-Misner
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strings were found. However, unexpectedly there is a Dirac-Misner string for the
general supersymmetric bi-ring Saturn configuration. Decomposing the solution
(4.66) to ωˆ = ωˆL + ωˆQ, where ωˆL is linear in the parameters qh, qi and independent
of Qh, Qi and then analyzing the expression of ωˆ
Q at θ = 0,pi, we find that a
sufficient condition to remove the Dirac-Misner string is (The details of the proof
can be referred to Appendix C.)









for black rings (i = 1, 2) (5.18)
Furthermore, it would be interesting to obtain a physical understanding of this
constraint, and its obvious generalization to an arbitrary numbers of rings shown
in [52]
Λ ≡ Λh = Λ1 = Λ2 = . . . (5.19)
After imposing this condition, the radii of the rings are given by
li =
√
3 (Λ2 −R2i ) (5.20)
We conclude that we can place each ring anywhere on the z axis provided that
0 < Ri < Λ, which is exactly the condition to avoid CTCs for each supersymmetric
black ring in the configuration.
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5.3 Phases of supersymmetric black bi-ring Sat-
urn with equal spins in five dimensions
As discussed in [33] for the extremal black holes, the bi-ring Saturn is the
candidate for the most general equilibrium system. Here I assume this remains
true for the supersymmetric black hole although our proof is not exhaustive. In
classical General Relativity we are free to fix a scale, which we will take to be the
charge Q1. So, fixing
Q1 = 1 (5.21)
we want to know which solutions exist for a given total J , and what their total
entropy is. In particular, we want to find the configurations with maximal entropy.
To study the region of the phase diagram covered by the supersymmetric














3[(Qi − q2i )2 − 4q2iR2i ]
]
(5.22)






q3h − 3(Q1 +Q2 +Qh + q2h)(q1 + q2)
− 3qh(Qh +Q1 +Q2 + q21 + 4q1q2 + q22) (5.23)
+ (q31 − 3q21q2 − 3q1q22 + q32 − 6q2R22)
]






q3h − 3(Q1 +Q2 +Qh + q2h)(q1 + q2)
− 3qh(Qh +Q1 +Q2 + q21 + 4q1q2 + q22) (5.24)
+ (q31 − 3q21q2 − 3q1q22 + q32 − 6q1R21)
]
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with the reduced mass defined as M˜ = Qh +Q1 +Q2 + 2qh(q1 + q2) + 2q1q2. It is
easy for us to observe that there are eight parameters in (5.22), where we assume
all the charges (Qh, Q1, Q2) and dipoles (qh, q1, q2) are positive and constrained
by Qi ≥ q2i .1 Then considering the conditions to avoid CTCs and to be free of
Dirac-Misner strings together given by
0 < Ri < Λ (5.25)
will lead to five free parameters in the solution.2 So we choose the parameters
(Qh, q1, q2, R1, R2)
3 in (5.22) as a random set of points and plot the corresponding
dimensionless point (j, aH) in the phase diagram. Figure 5.2 shows the distribu-
tion of bi-ring Saturn configurations with equal angular momenta in two orthogonal
planes of rings for 10,000,000 such points. In particular, Figure 5.2(a) represents
such symmetric bi-ring Saturns where two surrounding rings sitting in the orthog-
onal planes are identical, while Figure 5.2(b) is that for the non-symmetric bi-ring
Saturns where the parameters parameterizing the orthogonal rings are not identi-




2. In both figures the solid curve is the single horizon
solution shown for the well-known BMPV black hole, which has been presented in
chapter 3.
5.3.1 Black bi-ring Saturn phase and its boundaries
We first note that we find no points with j < 0, thus the black Saturn takes
values of j ≥ 0. The asymmetry between positive and negative j is just a choice of
1In fact, this condition becomes 0 < qi <
√
Qi when we consider the condition (Qi−q2i )/(2qi) >
Ri to avoid CTCs in which Ri > 0.
2If Qi ≥ q2i , then Qh > q2h when (5.25) holds.
3For the bi-ring Saturn with equal spin in two orthogonal planes, there are only four free
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Figure 5.2: Phase diagram for the bi-ring Saturn solution with equal angular momenta
in the two planes of rotation, j ≡ j1 = j2. The figure (a) shows the symmetric bi-
ring Saturn (Two surrounding rings in the orthogonal plans are identical) phase and the
figure (b) is that for the non-symmetric bi-ring Saturn (The parameters parameterizing




2). Both phases are semi-infinite open
strips with the upper boundary aH = 1(shown in dashed line). The solid curve represents
the phase for the BMPV black hole and light gray shaded area indicates the phase for
the single supersymmetric black ring.
rotation direction, which can be reversed by simply taking φ2 → −φ2 in the metric.
Next the total area aH is always less than the area of the static BMPV black hole,
which has auppH = 1. We believe that there are black Saturn configurations with aH
arbitrarily close to auppH . In fact for the database shown, we have
min(auppH − aH) = 2.46× 10−5
The distribution of black bi-ring Saturn configurations in the phase diagram (Fig-
ure 5.2) indicates that the region bounded by the BMPV phase (shown in solid
curve for both positive and negative j) is fully covered by black bi-ring Saturn
solutions. But there are also points outside this region: for all non-zero values of
j there are black bi-ring Saturn solutions with total area greater than the BMPV
black hole and the supersymmetric black ring (shown in light gray shaded area).
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From Figure 5.2 we find that the region of the plane (j, aH) covered by the
supersymmetric bi-ring Saturn is a semi-infinite open strip, where the dimensionless
area is bounded by that of the static BMPV black hole
0 < aH < a
upp
H = 1
0 ≤ j <∞
(5.26)
plus an additional point (j, aH)=(0,1) for the static BMPV black hole.
The analysis behind this is similar to the one done for the phase diagram
of the nonextremal singly spinning black holes in [35] and for the extremal black
holes in [33].
The upper boundary of the strip (j > 0, aH = 1) is approached asymptotically
by putting virtually all the mass in a central static BMPV black hole, and having a
pair of infinitely long and infinitesimally thin and light black rings carrying all the
required angular momenta. The reasons to justify this configuration are similar to
those in [35] for the vacuum black holes. (i) Among all single black objects of a
given mass M , the one with maximal entropy is the static (J = 0) spherical black
hole. (ii) A black ring of fixed mass can carry arbitrarily large spin J by making
its S1-radius large enough (and its S2-radius small enough). Conversely, there is
always a thin black ring of arbitrarily small mass with any prescribed value of
J . Thus for any j ≥ 0 the phase with highest entropy is a black bi-ring Saturn
configuration with an almost static S3 BMPV black hole (accounting for the high
entropy) surrounded by a pair of very large and thin black rings (carrying the
angular momentum) in the orthogonal planes.
The lower boundary (j ≥ 0, aH = 0) corresponds to naked singularities. One
way to reach these is to make the central BMPV black hole approach the singular
solution j = 1/(2
√
2), and adjusting the spin of the ring to send the area to zero.
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Since the occupied phase surface is continuous for any j2 near aH = 1 in Figure
3.2(a), thus there are regular bi-ring Saturn solutions arbitrarily close to the lower
boundary.
The solutions at the left boundary, with (j = 0, 0 < aH < 1) correspond to
black bi-ring Saturns where the central BMPV black hole and the supersymmetric
black ring are counterrotating in both planes. To cover the entire range 0 < aH ≤ 1
we can simply have a central black hole rotating to get the required area, and two
supersymmetric black rings counterrotating so that the angular momenta of the
ring and the hole cancel in both planes.
5.3.2 Non-uniqueness of the phase for black bi-ring Saturns
We can easily see that there is at least one black bi-ring Saturn for any point
within this open strip. Again, the idea is to have a central BMPV black hole,
in general spinning, accounting for the area aH , and two extremely thin and long
rings carrying the required angular momentum to make up for the total j1 and j2
in the orthogonal planes. So we can conclude, by considering only the black bi-ring
Saturns with equal angular momenta, that all of the strip (5.26) is covered.
It is also easy to see why the scatter-plots in Figure 5.2 found it hard to
fully sample the whole strip: the solutions outside the BMPV black hole and
supersymmetric black ring phase dominating region occur in a certain range of
the parameter space, i.e., at least Qh > 0.1. Furthermore, the occupied phase
has larger area (entropy) as the parameter Qh of the configuration increases. In
particular, the solutions with the largest entropies are strongly localized in an
infinitesimally small range of the parameter space, i.e., Qh > 10000. Adjusting
and increasing the size of the sample shows a clear tendency to cover the whole
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strip, and in particular that entropies higher than those of rotating BMPV black
holes can occur for all j 6= 0.
Finally, it is clear that in general there will be not just one black bi-ring Sat-
urn for every point (j, aH) in the strip. These are guaranteed to exist by continuity,
starting from the configuration with two infinitely thin supersymmetric black rings
which have small horizon area as described above, and continuously slowing down
the rings while adequately adjusting horizon area contributed from the rings to
keep j and aH fixed. This gives a black bi-ring Saturn with fatter black rings
having larger horizon area, although at each point in the strip in general there will
be restrictions on the lower value for Qh, and on the range of angular momentum
contributed from the central BMPV black hole.
5.4 Phases of general supersymmetric black bi-
ring Saturn in five dimensions
Although the scatter plots (Figure 5.2) covered by the equal-spin bi-ring
Saturn configurations in the last section are convincingly proved to be consistent
with the phases for extremal ones expected in [33], the full phase of supersymmetric
black systems in five dimensions should naturally include those for such general
bi-ring Saturn configurations where two orthogonal rings surrounding a central
BMPV black hole is absolutely different, resulting in unequal spins in the ring
planes.
Technically, there is one more free parameter (i.e. q2) for the general solutions




2. But now I choose Q2 as the free
parameter and keep the scale Q1 = 1 as before. For simplicity here I just present
the representative phase diagrams for the bi-ring Saturn configurations where the
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Figure 5.3: Phase diagram for the general black bi-ring Saturn configurations which
have the unequal angular momenta in the two planes of rotation. Figure (a),(c) and
figure (b),(d) show the phases of bi-ring Saturns for fixed scale Q1 = 1 with Q2 = 0.001,
Q2 = 1000 respectively.
electric charges carried by the rings are significantly different. Figure 5.3 (a) and
(c) show the phases of bi-ring Saturns for the fixed scale Q1 = 1 with Q2 = 0.001
while Figure 5.3 (b) and (d) are those with Q2 = 1000. As shown, the same scale
is used in all four plots.
First, it is satisfactory that all the scatter points in Figure 5.3 either in
the (j1, aH) plane or in the (j2, aH) plane are distributed within the open strip
(5.26). So I can modestly conclude that phases for any general bi-ring Saturn are
restricted by these boundaries. Second, the phase of equal-spin bi-ring Saturns is a
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two-dimensional area, but this is not true for that of general bi-ring Saturns owing
to one more free parameter. However, the phase for general supersymmetric black
bi-ring Saturns for fixed Q2 is still two-dimensional. Unlike the phase of equal-spin
bi-ring Saturns, it is no longer located at the surface with j1 = j2. In fact, you
can find that it seems to be a twisted saddle surface extending along the two spin
directions. The last feature in Figure 5.3 worth mentioning is that there is almost
no point close to the upper boundary in figure (a) and (d) whereas there are many
points in figure (b) and (c). This suggests that the upper boundary is easier to be
approached when the ring carrying the larger charge rotates fast.
6
Conclusion and Outlook
As the phase diagram for the general bi-ring Saturn is figured out, the main
purpose of this thesis has been achieved. In this chapter, I first conclude my
findings of minimal supersymmetric bi-ring Saturn solutions and make further dis-
cussions about the full phase of supersymmetric black systems in five dimensions.
Next possible generalizations of more supersymmetric black hole solutions includ-
ing black Saturn with an off-center hole, non-orthogonal rings configurations and
rings on Eguchi-Hanson space are discussed.
6.1 Overall Conclusion and Discussion
Besides an integrated introduction to the latest developments in the non-
supersymmetric black hole solutions, this thesis provides a thorough review of
five-dimensional supersymmetric black hole solutions from the well-known BMPV
black hole to the recently discovered supersymmetric black ring. Via the harmonic
function method described in [52], I succeeded in constructing the most general
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supersymmetric solution — black multiple bi-rings Saturn, which consists of mul-
tiple concentric black rings sitting in orthogonal planes with a BMPV black hole
at the center. Following the bi-ring Saturn solution and considering the absence
of the CTCs and Dirac-Misner strings, I found the phase diagrams of the super-
symmetric bi-ring Saturn in five dimensions and showed that their structures for
each projected (ji=1,2, aH) plane are similar to those for extremal ones conjectured
in [33]. I have also shown that the phase for equal-spin bi-ring Saturns is a two-
dimensional area located on the plane j1 = j2, and the phase for general bi-ring
Saturns for certain charges carried by the two rings is a two-dimensional saddle
surface. Therefore, the full phase for supersymmetric black systems in five dimen-
sions is surprisingly a three-dimensional volume, but its projection on each (ji, aH)
plane is expected to be a semi-infinite open strip, whose upper bound on the en-
tropy is equal to the entropy of a static BMPV black hole of the same total mass
for any value of the angular momentum. In addition, the infinite non-uniqueness
can be well examined when the general bi-ring Saturn configurations are included.
As expected, we have shown that any black hole configuration in 4+1-
dimensional supergravity has total dimensionless area bounded by aH = 1, which
is the area of a static BMPV black hole achieved for j1 = j2. For comparison,
it was argued in [33] that extremal black hole configurations exist for any j and
any total area aH <
√
2 and furthermore in [35] that non-extremal black hole
configurations exist for any j and any total area aH ≤ 2
√
2. The inequality is sat-
urated only for the static 4+1-dimensional Schwarzschild solution. On the other
hand, when we discuss the configurations with maximal horizon area (entropy),




H is exactly right unlike the
non-supersymmetric black holes, where this approximate assumption tends to un-
derestimate slightly the entropy of a black bi-ring Saturn with two very thin rings
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by virtue of the interaction between the central black hole and the surrounding
black rings or the frame-dragging arising from the rotations [35]. As a result, our
conclusion that there do exist black bi-ring Saturn with area approaching arbitrar-
ily close to the maximum aH = 1 is rigorous.
The full phase for the general supersymmetric bi-ring Saturn system is shown
to be three dimensional, so that this system would have a 3-fold continuous non-
uniqueness corresponding to the freedom in distributing the mass and the two
angular momenta between the three black objects while keeping the total asymp-
totic ADM mass and angular momenta fixed.1 Requiring equal spins in orthog-
onal planes gives one constraint, thus equal-spin bi-ring Saturn solutions fill up
a two-dimensional area of the phase diagram. Furthermore, the continuous non-
uniqueness in the general supersymmetric black hole phase diagram can be ar-
bitrarily large. A system consisting of n concentric supersymmetric black rings
distributed at will in two orthogonal planes and a central BMPV black hole is
expected to have (2n − 1)-fold continuous non-uniqueness. There are only three
conserved quantities, the ADM mass and two angular momenta, but these can be
distributed continuously (at least classically) between the n+1 objects. Therefore,
the phase for this system will remain as a three-dimensional volume.
6.2 Future Studies
As we have seen, the most general configuration considered in the thesis is
the general bi-ring Saturn consisting of two different orthogonal black rings with a
BMPV black hole at their common center. Logically, the direct generalization of
the supersymmetric solutions is to move the black hole off the common center of
1For the general bi-ring Saturn solution being free of CTCs and Dirac-Misner strings, there
are six free parameters in all.
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the rings. [75] has constructed a smooth supergravity solution describing a super-
symmetric black ring with a spinning BMPV black hole centered at an arbitrary
distance above the sliding rings. This will probably help us to find such bi-ring
Saturn solutions where the BMPV black hole is located on the plane of either ring
excluding the common center of the rings. In principle, it is harder for us to dis-
cover such weird solutions where the BMPV black hole is not located on both ring
planes. The other possible generalization of the multiple bi-rings Saturn is that the
rings in the configuration are not sitting in orthogonal planes but intersecting at
any angle. Mathematically, it means that all the poles in the configuration do not
lie on the z-axis. The more general solutions of this kind can also be constructed if
we do not let all ki in [52,53] be ±1. These preserve only a single U(1) symmetry
on the base space and correspond to rings centered on the origin but no longer
restricted to the 12 or 34 planes. They appear to be free of pathologies close to
individual rings but it is not known what extra conditions are required for these
solutions to be well behaved globally [37].
Finally, we should note that all the supersymmetric black hole and black ring
solutions in the thesis are constructed on the simplest Gibbons-Hawking space —
flat base space R4, hence the harmonic function H in (4.2) is quite simple. In fact,
the above construction can be generalized by replacing the flat base space with a
more general Gibbons-Hawking space with




| r¯ | (6.1)
where `(i) are constants and r¯ =| x− xi | (x denotes a position vector on E3 and
all xi denote the locations of nuts, which mean zeros of a Killing vector field). If
we set ς = 0, `(1) = 1, `(i) = 0 (i = 2, . . .), the general form (6.1) reduces to that on
§ 6.2. FUTURE STUDIES · 89 ·
the flat space (4.2). A particularly interesting choice is (selfdual, Euclidean) Taub-
NUT space, which corresponds to ς = 1, `(1) > 0, `(i) = 0 (i = 2, . . .). This space
has the same topology as R4 but differs geometrically. Surfaces of constant r¯ have
S3 topology but, viewing S3 as an S1 bundle over S2, the radius of S1 approaches a
constant as r¯ →∞ whereas the radius of S2 grows as r¯. Hence solutions with Taub-
NUT base space obey Kaluza-Klein, rather than asymptotically flat, boundary
conditions. The (multi-) black ring solutions on self-dual Taub-NUT space has
been constructed by Bena [76]. In addition, the base space with ς = 0, `(1) =
`(2) = a/8, `(i) = 0 (i ≥ 3) and x1 = −x2 = (0, 0, a) is called the Eguchi-Hanson















(dψ¯ + cos θ¯dϕ¯)2 + dθ¯2 + sin2 θ¯dϕ¯2
]
(6.2)
where a is a constant, 0 ≤ θ¯ ≤ pi, 0 ≤ ϕ¯ ≤ 2pi and 0 ≤ ψ¯ ≤ 2pi. The Eguchi-
Hanson space has an S2-bolt at r = a, where the Killing vector field ∂/∂ψ¯ vanishes.
Recently new supersymmetric (multi-)black ring solutions on the Eguchi-Hanson
base space as solutions of five-dimensional minimal supergravity have been con-
structed in [77, 78]. This solution is restricted by the requirement of the absence
of a Dirac-Misner string everywhere outside the horizon and has an asymptotically
locally Euclidean time slice, i.e., it has the spatial infinity with the topology of
the lens space L(2; 1) = S3/Z2. The S1-direction of the black ring is along the
equator of the S2-bolt on the Eguchi-Hanson space [36]. Especially, in the case
of the single ring, the solution has the same two angular momentum components
and the limit to a BMPV black hole with the topology of S3 [78]. Thus these
studies, to a great extent, provide us with some clues to construct more general
supersymmetric solutions on the Eguchi-Hanson base space such as black Saturn
· 90 · Ch 6. CONCLUSION AND OUTLOOK
and black bi-ring Saturn.
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AppendixA
Coordinate Systems
The supersymmetric solutions admitting a timelike Killing vector can be
written as
ds2 = −f 2(dt+ ω)2 + f−1ds2(M4) (A.1)
In the thesis, the real flat space R4 is of interest for the hyper-Ka¨hler space M4.
Adding the fourth trivial spatial dimension, we can obtain its line element in terms
of Cartesian coordinates.
ds2(R4) = dx21 + dx22 + dx23 + dx24 (A.2)
This coordinate system, although very simple, is quite difficult for expressing the
solutions since almost all the black holes are spherical or quasi-spherical, and un-
wieldy for studying their structure since it contains no topological information such
as the singularity and closed time-like curve (CTC).
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A.1 Hyperspherical coordinates (r(4), θ(4), ϕ(4), ψ(4))
The first alternative is the hyperspherical coordinate system, the extension
of the 3-dimensional spherical coordinates to higher dimensions. We may define
a coordinate system in a 4-dimensional Euclidean space which is analogous to the
spherical coordinate system defined for 3-dimensional Euclidean space, in which
the coordinates consist of a radial coordinate r(4), and three angular coordinates
θ(4), ϕ(4), ψ(4). If xi are the Cartesian coordinates, we may define
x1 = r(4) cos θ(4) (A.3)
x2 = r(4) sin θ(4) cosϕ(4) (A.4)
x3 = r(4) sin θ(4) sinϕ(4) cosψ(4) (A.5)
x4 = r(4) sin θ(4) sinϕ(4) sinψ(4). (A.6)
then the line element (A.2) on R4 becomes
ds2(R4) = dr2(4) + r2(4)dθ2(4) + r2(4) sin2 θ(4)dϕ2(4) + r2(4) sin2 θ(4) sin2 ϕ(4)dψ2(4) (A.7)
This coordinate system explicitly embeds R3 into R4, but the parameters in (A.7)
are actually located on the 4-manifold, hence the differential operations would not
be usual ones that we have used, but be defined on the 4-manifold.
A.2 Gibbons-Hawking coordinates (r, θ, ϕ, ψ)
For the flat space R4, it will be useful to use the following coordinate system
which contains the spherical coordinates (r, θ, ϕ) on R3 with the range of value r ≥
0, 0 ≤ θ ≤ pi, 0 ≤ ϕ < 2pi and an additional fourth angular coordinate ψ having
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the period 4pi. This metric, called Gibbons-Hawking metric, is a modification of
multi Taub-NUT metric [79,80] in the absence of a constant term in the potential1
and can be expressed in the form [80,81]









∇× χ = ∇U (A.10)
The x0 denotes the distance in the 3-dimensional metric dx · dx and in which the
curl and gradient operations are defined, so χ ·dx = cos θdϕ is an explicit example
satisfying the condition (A.10). Substituting the solution into (A.8) yields




dr2 + r2(dθ2 + sin2 θdϕ2)
]




dr2 + r2(dθ2 + dϕ2 + dψ2)
] (A.11)
As stated in [52], we first note that any point in R3 labeled by (r0, θ0, ϕ0),
r0 6= 0, defines an S1, parameterized by ψ, with radius r0 lying in a two-plane
specified by (θ0, ϕ0). Note also that all of these S
1s are concentric, with common
center r0 6= 0. To obtain the charges measured at infinity r → ∞, however, it is
convenient to introduce coordinates in which the asymptotic flatness of the solution
becomes manifest. Specifically, we change coordinates through
1Omitting the constant term changes the sense in which the solution is asymptotically flat
from the three to the four dimensional one [80].
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Figure A.1: Coordinates (ρ; Θ) in a section at constant t, φ1, φ2. Solid lines are surfaces















In these coordinates, the flat base space metric is
ds2(R4) = dρ2 + ρ2(dΘ2 + cos2 Θdφ21 + sin2 Θdφ22) (A.13)
where the coordinates have ranges ρ ≥ 0, 0 ≤ Θ ≤ pi/2 and φ1, φ2 have period 2pi.
The polar section of this coordinate system is plotted in Figure A.1.
A.3 Ring coordinates (x˜, φ1, y˜, φ2)
The coordinates employed in the section 3.3 cast the original supersymmet-
ric black ring solution [48] in a form that involves simple functions of x˜ and y˜
and indeed provide the easiest way to derive it, so we call this coordinate system
‘Ring coordinates’ by virtue of its special application to the black ring metric. A
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conventional choice to the transformation is









Observe that the coordinate ranges are
−∞ ≤ y˜ ≤ −1, −1 ≤ x˜ ≤ +1 (A.15)






y˜2 − 1 + (y˜
2 − 1)dφ22 +
dx˜2




where φ1, φ2 are polar angles in two orthogonal planes in R4 and have period 2pi.
This is depicted in Figure A.2, where we present a section at constant φ1, φ2.
We can rewrite this same foliation of space in a manner that is particularly
appropriate in the region near the ring. Define coordinates r˜ and θ˜
r˜ = −R/y˜, x˜ = cos θ˜ (A.17)
with
0 ≤ r˜ ≤ R, 0 ≤ θ˜ ≤ pi (A.18)
The flat metric (A.16) becomes
ds2(R4) =
1










1− r˜2/R2 + r˜
2(dθ˜2 + sin2 θ˜dφ21)
]
(A.19)
It is now manifest that the surfaces of constant r˜, i.e., constant y˜, have ring-like
topology S2 × S1, where S2 is parameterized by (θ˜, φ1) and S1 by φ2. The black
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Figure A.2: Ring coordinates for flat four-dimensional space, on a section at constant
φ1, φ2. Dashed circles correspond to spheres at constant x˜, solid circles to spheres at
constant y˜. Spheres at constant y˜ collapse to zero size at the location of the ring of
radius R, y˜ = −∞.
rings will have their horizons at constant values of y˜, or r˜, and so their topology
will be clear in these coordinates.
A.4 Near-horizon spherical coordinates (, ϑ, ϕ˜; ψ˜)
Although we have provided a useful coordinate system (r˜, θ˜, φ1, φ2) in the last
section to analyze the horizon geometry of the single black ring, this coordinate
system is not very convenient to be applied to multiple rings.
As discussed in the last section, the event horizon for single ring is located y˜ →
−∞. By the transformation (A.14) and (A.12), we find that it lies at ρ = Ri,Θ =
pi/2 or r = R2i /4, θ = pi in the Gibbons-Hawking coordinates. Equivalently, event
horizon is actually just a point xi = (0, 0,−R2i /4) in the Cartesian coordinate
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Figure A.3: Near-horizon spherical coordinates (, ϑ, ϕ˜) on R3 centered on the pole xi
for the black ring. The horizon of the ring is located at  = 0.
on R3. Therefore, for the multiple rings configuration, we first set up a series of
new spherical polar coordinates (i, ϑi, ϕ˜i) in R3 centered on the event horizon xi
of each ring and then consider an expansion in i. After replacing some original
coordinates with good coordinates, we can read off the geometry of the spatial
cross section of the horizon as what we have done for the multiple bicycling rings
solution in section 4.4. The plot expressing the Gibbons-Hawking coordinates and
near-horizon spherical coordinates on R3 is presented in Figure A.3.

AppendixB
Angular Momenta in the Ring Planes
The rotation group in 4+1 dimensions is SO(4) ∼ SU(2)× SU(2), contain-
ing two mutually commuting U(1) subgroups, so it is possible to have rotations
of SU(2) in two independent orthogonal planes [37, 60]. To explicitly describe
this case, let us consider four-dimensional flat space and introduce (r1, φ1, r2, φ2),
defined by
x1 = r1 cosφ1, x2 = r1 sinφ1 (B.1)
x3 = r2 cosφ2, x4 = r2 sinφ2 (B.2)
with
r1 = ρ cos Θ, r2 = ρ sin Θ (B.3)
Then the flat space R4 metric becomes
ds2(R4) = dr21 + r21dφ21 + dr22 + r22dφ22 (B.4)
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It means that the four spatial coordinates are grouped in two pairs, (ri, φi) each
label an R2 in polar coordinates and together these gives R4. Rotations along φ1
and φ2 generate two independent angular momenta J1 and J2.
Moreover, the rings extending along the (x1, x2)-plane and rotating along
φ1 give rise to nonvanishing J1, similarly, the rings extending along the (x3, x4)-
plane and rotating along φ2 give rise to nonvanishing J2. In the coordinates
(x1, x2, x3, x4), the angular momentum matrix J can thus be put into block-diagonal
form, each block being a 2× 2 antisymmetric matrix with parameter
J =

0 J1 0 0
−J1 0 0 0
0 0 0 J2
0 0 −J2 0

(B.5)
then we can explicitly write four components (i = 1, 2, 3, 4) of hti in the equation


















where x = (x1, x2, x3, x4) is just a four-component row vector and ρ
2 = xixi.
On the other hand, the full 5× 5 matrix h in the coordinates (x1, x2, x3, x4)
can be transformed from that in the coordinates (ρ,Θ, φ1, φ2) as follows
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















where U is the Jacobi matrix between these two coordinates, defined by
U =
∂(t, x1, x2, x3, x4)
∂(t, ρ,Θ, φ1, φ2)
=

1 0 0 0 0
0 cos Θ cosφ1 −ρ sin Θ cosφ1 −ρ cos Θ sinφ1 0
0 cos Θ sinφ1 −ρ sin Θ sinφ1 ρ cos Θ cosφ1 0
0 sin Θ cosφ2 ρ cos Θ cosφ2 0 −ρ sin Θ sinφ2








ρ 0 0 0 0
0 ρ cos Θ cosφ1 ρ cos Θ sinφ1 ρ sin Θ cosφ2 ρ sin Θ sinφ2
0 − sin Θ cosφ1 − sin Θ sinφ1 cos Θ cosφ2 cos Θ sinφ2
0 − sec Θ sinφ1 sec Θ cosφ1 0 0
0 0 0 − csc Θ sinφ2 csc Θ cosφ2

(B.9)
Substituting (B.8) and (B.9) into (B.7) and picking out the solutions in the first
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− sec Θ sinφ1htφ1
sec Θ cosφ1htφ1




Combining the results (B.6) and (B.10) in the different coordinates and applying
the definition (B.1), (B.2) and (B.3) for each coordinate, we are now ready to write
the useful expression of angular momentum:











Absence of Dirac-Misner Strings for the
Supersymmetric Solutions
According to (4.66), we can easily obtain the generalized expression for ωˆ
for a general configuration consisting of a central BMPV black hole surrounded by
multiple supersymmetric concentric black rings. Write ωˆ = ωˆL + ωˆQ, where ωˆL is



































for black rings (C.4)
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The expression for ωˆL is exactly the same as that for general multi-bicycles solution
found in section 4.4.
C.1 General multiple concentric black rings
For the general multiple concentric black rings (Qh = 0, qh = 0), ωˆ = ωˆ
Ldϕ.
Analyzing the expression for ωˆL in (C.1) at θ = 0 we find that only ki = +1 terms



















i when θ = 0. Similarly, at θ = pi, only ki = −1
















which is zero due to Σ
(−)
i = 4r + R
2
i when θ = pi. Thus we have shown that there
is no Dirac-Misner string for the general multiple supersymmetric concentric black
rings including two particular configurations, bi-rings where k1 = −k2 = 1 and
di-rings where all the ki are either +1 or −1.
C.2 General black bi-ring Saturn
Considering two poles for simplicity, the explicit expression for ωˆ for the


















(cos θ − 1)
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(C.7)










− k1 cos θ
Σ1
)




16r2 + 8R21r cos θ +R
4
1 and Σ2 =
√
16r2 − 8R22r cos θ +R42.
The expression for ωˆL in (C.7) can be recovered from (C.1) if we set k1 =
−k2 = 1 and therefore satisfy the condition (5.15). Then analyzing the expression
for ωˆQ in (C.8) at θ = 0 where Σ1 simplifies to 4r + R
2










R22 | 4r −R22 |
+
1
| 4r −R22 |
)
(C.9)
which will be zero provided that qh(Q2 − q22) = q2(Qh − q2h). Similarly, at θ = pi,








R21 | 4r −R21 |
− −1| 4r −R21 |
)
(C.10)















The phase of single supersymmetric black ring
(Section 3.3)
Program Instruction:
• Set Q = 1
• Loop q from 0 to √Q





































The phase of symmetric bi-rings (Section 4.4.2)
Program Instruction:
• Set Q1 = Q2 ≡ Q = 1
• Loop q1 = q2 ≡ q from 0 to
√
Q




































The phase of symmetric bi-ring Saturn (Section
5.3)
Program Instruction:
• Set Q1 = Q2 ≡ Q = 1
• Loop Qh from 0 to a sufficiently large number
• Loop q1 = q2 ≡ q from 0 to
√
Q
• Loop R1 = R2 ≡ R from 0 to (Q− q2)/(2q)
• Determine qh from the equation (Qh − q2h)/(2qh) = (Q− q2)/(2q)1
1Even though there is no constraint imposing on qh, we can easily find q
2
h < Qh from Qh =
q2h + (Q− q2)qh/q.










































The phase of nonsymmetric bi-ring Saturn (Sec-
tion 5.3)
Program Instruction:
• Set Q1 = 1
• Loop Qh from 0 to a sufficiently large number
• Loop q1 from 0 to
√
Q1
• Loop R1 from 0 to (Q1 − q21)/(2q1)
• Loop R2 from 0 to (Q2 − q22)/(2q2) = (Q1 − q21)/(2q1)2
• Evaluate q2 from the equation q1R21 = q2R22
• Determine Q2 from the equation (Q1 − q21)/(2q1) = (Q2 − q22)/(2q2)










2Please note that here R1 and R2 have the same range of possible value due to the condition
removing the Dirac-Misner string from this configuration.
3As in the last section, we can easily find q2h < Qh from Qh = q
2
h + (Q1 − q21)qh/q1.







































The phase of general bi-ring Saturn (Section 5.4)
Program Instruction:
• Set Q1 = 1
• Set Q2 an fixed value (i.e., Q2=0.00001, 1, 10000)
• Loop Qh from 0 to a sufficiently large number
• Loop q1 from 0 to
√
Q1
• Loop R1 from 0 to (Q1 − q21)/(2q1)
• Loop R2 from 0 to (Q2 − q22)/(2q2) = (Q1 − q21)/(2q1)




from the equation (Q1−q21)/(2q1)
= (Q2 − q22)/(2q2)














double func(double a, double b){




































 THE PHASES OF  
SUPERSYMMETRIC BLACK HOLES  
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